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Abstract

Because QCD is strongly coupled at low energies, standard perturbative techniques are no longer applicable
at this energy scale. In this thesis, we use effective models that have hadronic degrees of freedom. The
guiding principle throughout is the implementation of the global symmetries of QCD and their anomalous,
explicit, and spontaneous breaking patterns, notably chiral symmetry and dilatation symmetry.
First, the theory of a free scalar field coupled to a time-independent classical source is studied as a simplified
model for dilaton production in a medium. We show that the time evolution in the theory is non-trivial,
contrary to historical expectations. The theory exhibits nonperturbative particle production similar to the
Schwinger mechanism, with interesting features such as non-exponential decay and the quantum Zeno effect.
Next, we introduce the extended Linear Sigma Model (eLSM) and apply it to (axial) tensor mesons, the
tensor glueball, and charmonium states mixing with the vector glueball.
We confirm the quark-antiquark assignment of the standard tensor meson nonet by fitting their decays to
data. Using chiral symmetry, we derive predictions for the masses and decays of axial tensor mesons which
can be tested by experiments. The axial tensor mesons are predicted to be very broad states.
The eLSM is used to calculate decay ratios of the tensor glueball. We then compare these to experimental
data on known candidates for the tensor glueball. This comparison shows that the f2(1950) is the most
likely tensor glueball candidate in this framework. A rough estimate of the decay widths also indicates that
the tensor glueball could be a relatively broad state.
Finally, the decays of the charmonium states J/ψ and ψ(3686) into vector–pseudoscalar final states are inves-
tigated. These channels exhibit significant violations of the perturbative QCD “13% rule", most prominently
in the ρπ channel. We apply the eLSM, including electromagnetic effects and mixing with the vector glueball.
It is shown that these ingredients allow for a successful phenomenological description of the observed ratios
B(ψ(3686) → h)/B(J/ψ → h).
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Streszczenie

Fenomenologia kuł gluonowych w efektywnych modelach

hadronowych

Ponieważ QCD jest teorią silnie oddziałującą w reżimie niskich energii, standardowe techniki perturbacyjne
nie znajdują w tym zakresie zastosowania. W niniejszej rozprawie wykorzystujemy modele efektywne, w
których stopnie swobody mają charakter hadronowy. Zasadą przewodnią jest konsekwentna implementacja
globalnych symetrii QCD oraz wzorców ich łamania – anomalnego, jawnego i spontanicznego – ze szczegól-
nym uwzględnieniem symetrii chiralnej oraz dylatacyjnej.
W pierwszej części badana jest teoria swobodnego pola skalarnego oddziałującego z klasycznym, nieza-
leżnym od czasu źródłem, traktowana jako uproszczony model produkcji dylatonu w ośrodku. Pokazujemy,
że ewolucja czasowa w tej teorii jest nietrywialna, wbrew wcześniejszym oczekiwaniom. Teoria wykazuje
nieperturbacyjną produkcję cząstek, analogiczną do mechanizmu Schwingera, z interesującymi własności-
ami, takimi jak nieeksponencjalny rozpad oraz kwantowy efekt Zeno.
Następnie wprowadzamy extended Linear Sigma Model (eLSM) i stosujemy go do opisu mezonów (aksjalno-
)tensorowych, tensorowej kuli gluonowej oraz stanów charmonium mieszających się z wektorową kulą glu-
onową. Potwierdzamy standardowe przypisanie mezonów tensorowych do nonetu kwark–antykwark poprzez
dopasowanie ich szerokości rozpadów do danych doświadczalnych. Wykorzystując symetrię chiralną, wyprowadzamy
przewidywania dotyczące mas oraz rozpadów mezonów aksjalno-tensorowych, które mogą zostać zwery-
fikowane eksperymentalnie. Przewiduje się, że mezony aksjalno-tensorowe są stanami bardzo szerokimi.
Model eLSM jest następnie wykorzystywany do obliczenia stosunków rozpadów tensorowej kuli gluonowej.
Otrzymane wyniki porównujemy z danymi doświadczalnymi dotyczącymi znanych kandydatów na tensorową
kulę gluonową. Porównanie to wskazuje, że rezonans f2(1950) jest w tych ramach teoretycznych najbardziej
prawdopodobnym kandydatem na tensorową kulę gluonową. Przybliżone oszacowania szerokości rozpadu
sugerują ponadto, że tensorowa kula gluonowa może być stanem relatywnie szerokim.
W końcowej części analizowane są rozpady stanów charmonium J/ψ oraz ψ(3686) do stanów końcowych typu
wektor–pseudoskalar. Kanały te wykazują istotne naruszenia perturbacyjnej reguły QCD „13%”, szczególnie
wyraźne w kanale ρπ. Stosujemy model eLSM, uwzględniając efekty elektromagnetyczne oraz mieszanie z
wektorową kulą gluonową. Pokazujemy, że uwzględnienie tych składników umożliwia udany fenomenolog-
iczny opis obserwowanych stosunków B(ψ(3686) → h)/B(J/ψ → h).



Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii
List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vi
List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

1 Introduction 1
1.1 Quantum Chromodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Bound states of QCD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
1.3 Outline of the thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.4 List of Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

2 The scalar glueball with a time independent classical source 10
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.2 Setup of the model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3 Scattering amplitudes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.3.1 General expressions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.3.2 One particle scattering . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.4 Vacuum decay and Schwinger mechanism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.4.1 Quantum Zeno effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.4.2 Numerical examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.4.3 Large volume limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.5 Comparison to literature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

3 The extended Linear Sigma Model 37
3.1 Dilatation invariance and the Dilaton Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.2 Spontaneous chiral symmetry breaking . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.3 The three-flavor Linear Sigma Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

3.3.1 Three-flavor meson nonets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.3.2 The three-flavor Linear Sigma Model Lagrangian . . . . . . . . . . . . . . . . . . . . . 45

4 Spin 2 tensor mesons and axial tensor mesons 48
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
4.2 The spin-2 extension of the eLSM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

4.3.1 Masses of (axial)tensor mesons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

iv



CONTENTS v

4.3.2 Decays of tensor mesons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.3.3 Decays of axial tensor mesons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5 The tensor glueball 66
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.2 Chiral model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
5.3 Results for the decay ratios . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
5.4 Discussions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

5.4.1 Large Nc scaling estimate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
5.4.2 Classification of tensor meson states . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

6 The vector glueball, mixing, and the ρπ puzzle 79
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79
6.2 Model setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
6.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
6.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

7 Conclusion 88

Appendices 90

A The large Nc limit 91

B Coherent states 93

Bibliography 95

Acknowledgement 108



LIST OF FIGURES vi

List of Figures

1.1 Effective running couplings, [1], obtained from different Yang-Mills vertices: three-gluon ver-
tex: αA3 , four-gluon vertex: αA4 , ghost-gluon vertex: αAc̄c. . . . . . . . . . . . . . . . . . . . 5

2.1 Expectation value for the number of particles produced for the different sources as a function
of time. The parameters g and m are absorbed in the expectation value and time units
respectively, and we use L = 1 (in 1/m units). The grey lines are the infinite time asymptotes
found by setting the oscillatory term to 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.2 Vacuum survival probability with a Gaussian source, compared with the small time behaviour
found in (2.4.5). The parameter m is absorbed in the time units, and g = 1 and L = 1 are used. 26

2.3 Vacuum survival probability with both sources with a longer timescale, compared with a
exponential decay which saturates to a non-zero value at infinity. The parameterm is absorbed
in the time units, and we set L = 1 in units of 1/m, and g = 1. The grey lines indicate the
asymptotic values for the survival probability for the two different sources. . . . . . . . . . . . 27

2.4 Vacuum survival probability with a constant source, compared with a fit using a modified
exponential probability amplitude (2.4.12). The parameter m is absorbed in the time units,
and g = 1 and L = 1 are used. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.1 The shape of the dilaton potential with λG = 1 and ΛG = 2 in arbitrary units . . . . . . . . . 38
3.2 The shape of the potential given by (3.2.3), with m2

0 < 0 . . . . . . . . . . . . . . . . . . . . . 40
3.3 The shape of the potential (3.2.7) with explicit breaking term h > 0. . . . . . . . . . . . . . . 41

5.1 Decay ratios ρρ/ππ (left) and ρρ/a1(1260)π (right) given as a function of the tensor glueball
mass. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

5.2 Masses and widths of isoscalar-tensor resonances heavier than 1.9 GeV [2]. . . . . . . . . . . 72

6.1 Feynman diagram for the decay of the J/ψ into an electron-positron pair. . . . . . . . . . . . 82
6.2 Four Feynman diagrams for the decay channels of the J/ψ. Decay channel (i) is a strong

decay, while (ii-iv) are through electromagnetic channels. . . . . . . . . . . . . . . . . . . . . 84
6.3 Results of the fits – with and without mixing with the vector glueball – for Qh of the V P

decays of charmonium states, together with the experimental data with uncertainties . . . . . 86



LIST OF TABLES vii

List of Tables

1.1 List of conventional qq̄ mesons following the quark model review of the PDG [2] up to J = 2

and up to the lowest radial excitation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

3.1 Mesonic nonet transformations under P, C and UV (3). . . . . . . . . . . . . . . . . . . . . . . 45
3.2 Transformations of the chiral multiplets under P, C, and UR(3)× UL(3). . . . . . . . . . . . . 45
3.3 Numerical values of scalar and axial vector shift-related quantities. . . . . . . . . . . . . . . 47

4.1 Decay amplitudes for different decay modes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.2 Parameters of the eLSM connected to the (axial) tensor mesons as determined by fits to known

experimental data. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
4.3 Masses of the spin 2 mesons predicted by the eLSM. Bold entries are the PDG values used as

inputs. The mixing for the tensor-isoscalar mesons has been taken into account. . . . . . . . . 54
4.4 Coefficients κtpp ,i for the decay channel T −→ P (1) + P (2). . . . . . . . . . . . . . . . . . . . 55
4.5 Decay rates for T −→ P (1) + P (2). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
4.6 Decay rates and coefficients for the decay channel T −→ P + V . . . . . . . . . . . . . . . . . 57
4.7 Decay rates and coefficients for the decay channel T −→ γ + P . . . . . . . . . . . . . . . . . 57
4.8 Decay rates and coefficients for the decay channel T −→ γγ . . . . . . . . . . . . . . . . . . . 58
4.9 Coefficients for the decay channel T −→ γ + V decays. . . . . . . . . . . . . . . . . . . . . . 59
4.10 Predictions for T −→ γ + V . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
4.11 Predictions and coefficients for the decay channel A2 −→ V + P . . . . . . . . . . . . . . . . . 63
4.12 Predictions for the A2 −→ V + P based on LQCD results [3]. . . . . . . . . . . . . . . . . . 64
4.13 Predictions and coefficients for the decay channel A2 −→ A1 + P . . . . . . . . . . . . . . . . . 64
4.14 Predictions and coefficients for the decay channel A2 → T + P . . . . . . . . . . . . . . . . . . 65

5.1 Coefficients for the decay channel G2 −→ A+B. . . . . . . . . . . . . . . . . . . . . . . . . . 70
5.2 Branching ratios of G2 w.r.t. ππ. The columns are sorted as PP on the left, V V in the

middle, and AP on the right. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
5.3 Spin-2 resonances heavier than 1.9 GeV listed in PDG [2]. . . . . . . . . . . . . . . . . . . . . 72
5.4 Decay ratios for the decay channels with available data. . . . . . . . . . . . . . . . . . . . . . 73
5.5 Estimations of the decay channel G2 → PP . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
5.6 Isoscalar tensor resonances and their status as the tensor glueball. . . . . . . . . . . . . . . . 78

6.1 Qh values for various V P decay channels from PDG [2]. Taking into account the errors, every
channel is consistent with being suppressed compared to the 13% rule. . . . . . . . . . . . . . 80

6.2 Fit parameters and their numerical values when fitted to experimental data on Qh in the V P
channels. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85



Chapter 1

Introduction

In the 1970s, the Standard Model (SM) of particle physics was finalized, and it has since described our current
knowledge of the fundamental particles and their interactions. Although certain large-scale phenomena such
as dark matter, dark energy, and baryogenesis have not been explained by the SM, the SM has been extremely
successful in describing and predicting the results from particle physics experiments to the present day.
Notable predictions of the SM include anomalous magnetic dipole moments, and the existence of multiple
particles, including the W, Z and Higgs boson. The SM is a quantum field theory (QFT) based on local gauge
symmetries – internal symmetries of the fields that do not act on their spacetime coordinates – from which
the form of the fundamental interactions can be derived. The gauge symmetries of the SM are described by
the group

SU(3)× SU(2)×U(1). (1.0.1)

The SU(2)×U(1) describe the electroweak interactions, which at low energies are spontaneously broken by
the Higgs mechanism to just the electromagnetic U(1) gauge symmetry; electromagnetism and the weak
nuclear force are no longer unified. By this spontaneous symmetry breaking, mass terms for all the massive
fundamental particles are generated. In one of the models studied in this thesis the mechanism of sponta-
neous symmetry breaking is used in a similar manner to the Higgs mechanism and is a key ingredient of the
model, although with some differences, such as the kind of symmetry that is broken; in the Higgs mechanism
in the Standard Model a local symmetry is broken while for the effective model is it a global symmetry.
In this thesis we will be primarily interested in the strong nuclear force, which is described by the SU(3) part,
which together with the matter fields is called quantum chromodynamics (QCD). The standard method of
calculating quantities in QFT is via perturbation theory; the case in the full theory is regarded as a small
perturbation on a more simple, solvable theory, usually a free (noninteracting) theory. Quantities are then
calculated in a perturbative expansion in a small parameter, the coupling. In doing this it is important that
the coupling is small, which is not always the case for QCD. In particular, QCD has a property that is called
Asymptotic Freedom, which means that at high energies (small length scales) the coupling becomes weaker
and QCD approaches a free field theory at high energies, called the ultraviolet (UV) limit. Conversely,
at low energies and larger length scales around the size of hadrons such as the proton, QCD is strongly
coupled. In this regime, a perturbative expansion is not a reliable way to calculate observable quantities,
and effects which cannot be represented in a perturbative expansion, called nonperturbative effects, become
more significant.
While for weakly coupled systems perturbation theory is a very good universal method for computing ob-
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servables, for strongly coupled systems there is no approximation that is known to work for all kinds of
systems. Indeed there are numerous different methods for approximating QCD observables, each with their
own advantages and disadvantages. QCD also has a peculiar feature which is called confinement. Quarks and
gluons are the fundamental degrees of freedom (particles) of QCD, and they carry color charge. However,
asymptotic states, the ones we can see in detectors, are all color neutral. Experiments do not measure quarks
and gluons but composite particles in which the color charges cancel, called hadrons. This is called confine-
ment, and while it is not completely understood yet, a qualitative explanation is the gluon self-interaction
which forms a narrow flux tube between two color charged particles, when the particles are separated the
energy of the flux tube increases enough to form another quark-antiquark pair, making it so that if we try
to break up a hadron we just end up making more hadrons. Due to the self-interactions between gluons, a
special case of hadrons is predicted to appear in QCD, which are the glueballs, made up of only gluons. So
far they have only been predicted by theory, but are not conclusively found in any experiment. In this thesis
we will be especially interested in the behavior of glueballs and how we might detect them.
Given that the physical particles experiments detect are not the quarks and gluons but the hadrons, instead
of attempting to calculate observables from the behavior of quarks and gluons, one option is to directly
construct a theory of the hadronic degrees of freedom, which are able to be detected in experiments. This
is done in effective models, which will be the main focus of the thesis. The symmetries of QCD will be used
as a guiding principle in constructing the interactions in the model. For this purpose we will review the
basics of QCD in 1.1, with an emphasis on the (breaking of) symmetries. In 1.3 we will give a more detailed
overview of the topics of this thesis.

1.1 Quantum Chromodynamics

The QCD Lagrangian is [2]

L = ψ̄im(i(Dµ)mnγ
µ −mi)ψ

i
n − 1

4
GaµνG

a,µν . (1.1.1)

QCD with only gluon fields is called Yang-Mills theory, whose Lagrangian is

LYM = −1

4
GaµνG

a,µν . (1.1.2)

Here and in the rest of the thesis, repeated indices will be summed over unless stated otherwise. The indices
µ, ν are spacetime indices, running from 0 to 3. The index i stands for the quark flavors and runs from 1
to Nf , In Nature there are 6 quark flavors so Nf = 6, but usually Nf = 3 is taken as we are interested
primarily in the light quarks when it comes to creating hadrons. The quark color indices m,n run from 1 to
3 as the quarks are in the fundamental representation of SU(3), and a runs from 1 to 8 as gluons are in the
adjoint representation. Suppressing the color indices, the covariant derivative is given by

Dµ = ∂µ − igAaµt
a, (1.1.3)

where ta are the generators of SU(3), g is the coupling, and Aaµ are the components of the gluon field
Aµ = Aaµt

a. One explicit representation of the generators are the Gell-Mann matrices [4]. The field strength
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Gaµν is given by the commutator of the covariant derivative in two different directions:

Gµν =
i

g
[Dµ, Dν ] = ∂µAν − ∂νAµ − ig[Aµ, Aν ], (1.1.4)

which leads to the 3-gluon and 4-gluon self interaction vertices by taking its square in the Lagrangian. The
Lagrangian (1.1.1) is constructed by taking the Lagrangian for non-interacting fermions and demanding a
local SU(3) symmetry. Under this symmetry, the quarks and gluons transform as.

ψ → U(x)ψ, Aµ → U(x)Aµ − i

g
(∂µU(x))U†(x). (1.1.5)

The matrix U(x) ∈ SU(3) can be written in terms of the generators

U(x) = exp[iθ(x)ata], (1.1.6)

where θ(x) is a real function of spacetime coordinates x making the transformations local.
Aside from the local SU(3) gauge symmetry, QCD contains some additional (broken) symmetries we are
interested in in this thesis. Their breaking patterns are a key ingredient to the creation of hadrons and their
masses, as only a small fraction of hadron masses is from the Higgs mechanism. The first of these broken
symmetries is dilatation symmetry. In the chiral limit mi → 0 for all flavors the Lagrangian only contains the
dimensionless coupling g as a parameter. Consequently, the action is invariant under rescaling of spacetime
coordinates

xµ → λ−1xµ, (1.1.7)

which also transforms the fields according to their dimension, that is

ψ(x) → λ3/2ψ(x), Aµ(x) → λAµ(x). (1.1.8)

The associated Noether current is
Jµ = xνT

µν , (1.1.9)

with Tµν being the stress-energy (energy-momentum) tensor of QCD, defined by

Tµν = 2
δS

δgµν

∣∣∣
gµν=ηµν

. (1.1.10)

Classically, the divergence of the current is zero. However, due to quantum fluctuations of the gluons
this dilatation symmetry is broken [5]. In order to correctly deal with divergencies in loops one needs to
renormalize QCD. As a result of this, the coupling g becomes a function g(µ) of the renormalization scale
or energy scale µ. In practice this is usually proportional to the center of mass energy. While g(µ) is
still dimensionless, it is now scale dependent and the theory is not anymore fully dilatation symmetric.
Consequently the divergence of the Noether current is nonzero even at zero quark masses:

∂µJ
µ = Tµµ =

β(g)

2g
GaµνG

a,µν ̸= 0. (1.1.11)
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The function β(g) is called the beta-function of QCD, defined by

β(g) = µ
∂g

∂µ
. (1.1.12)

The beta function has been computed to 5 loops [6, 7]. The beta function is negative, with leading term in
pertubation theory

β(g) = −11Nc − 2Nf
48π2

g3 ≡ −b g3, (1.1.13)

where Nc = 3 is the number of colors, and Nf = 6 again the number of quark flavors. In Nature the number
of colors Nc = 3 is fixed, but it can be useful to consider the theory of a large amount of colors, called the
large Nc limit. Some features of the large Nc theory are discussed in Appendix A. Because the beta function
is negative, the coupling gets smaller when the energy scale increases, ultimately approaching zero coupling
in the UV limit. This is called asymptotic freedom. In the IR however, the coupling grows larger past the
point where we can rely on pertubation theory. The solution to (1.1.13) is

g2(µ) =
g2(µ∗)

1 + 2b g2(µ∗) log
(
µ
µ∗

) , (1.1.14)

where µ∗ is a reference scale one needs to measure the coupling at for the initial condition. the solution
diverges at a specific scale called the Landau pole of QCD:

µ = ΛLandau = ΛQCD = µ∗ exp

(
−1

g2(µ∗)

)
, (1.1.15)

so that we can express the coupling in terms of the Landau pole:

g2(µ) =
1

2b log µ
ΛQCD

. (1.1.16)

This Landau pole is not interpreted as a physical divergence. Before this Landau pole is reached, the cou-
pling will grow to order 1 and perturbative methods will no longer be reliable. Therefore it signals the
approximate energy scale at and below which nonperturbative effects such as confinement become highly
relevant. In Figure 1.1 the coupling constant is shown as a function of p = µ, obtained from [1] using nonper-
turbative renormalization group equations[8]. The different curves are the result of determining the coupling
from different vertices. As is common in many pieces of literature, the coupling in Fig 1.1 is expressed as
α = g2/4π. For energies ≳ 1 GeV the curves agree and follow the behavior of (1.1.14). For low energies the
curves are different but all seem to plateau, contrary to the divergence the Landau pole tells us about.
Even if it does not signify a physical divergence, the Landau Pole is important because it means the renor-
malization procedure has generated an inherent energy scale of a theory for which no energy scale appears in
the Lagrangian. The appearance of a dimension from a dimensionless theory is called dimensional transmu-
tation. The numerical value of ΛQCD is about 200 to 300 MeV, but depends on the renormalization scheme
[9]. An important aspect for later is that the anomalous breaking of dilatation symmetry is related to the
emergence of the gluon condensate, made clear by the fact that the vacuum expectation value (v.e.v.) of the
trace anomaly is nonzero

⟨Tµµ ⟩ =
β(g)

2g
⟨GaµνGµνa ⟩ ≠ 0. (1.1.17)
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Figure 1.1: Effective running couplings, [1], obtained from different Yang-Mills vertices: three-gluon vertex:
αA3 , four-gluon vertex: αA4 , ghost-gluon vertex: αAc̄c.

The fluctuations around the gluon condensate in the form of glueballs are then also related to the trace
anomaly. We will use this feature to construct a Lagrangian for the dilaton, the lightest scalar glueball, in
the Linear Sigma Model.

The next important symmetry is chiral symmetry. Again in the chiral limit mi → 0, the QCD Lagrangian
is invariant under transformations U(Nf )R ×U(Nf )L acting on the right- and left-handed quarks as

ψi = ψiR + ψiL → (UR)ijψj,R + (UL)ijψj,L, (1.1.18)

where the left- and right-handed quarks are defined by the projection operators

ψiR = PRψ
i =

1

2
(1 + γ5)ψi, ψiL = PLψ

i =
1

2
(1− γ5)ψi. (1.1.19)

The symmetry group can be decomposed in the following form

U(Nf )R ×U(Nf )L = SU(Nf )R × SU(Nf )L ×U(1)V ×U(1)A, (1.1.20)

in which the axial U(1)A transformations have the property UA = UR = U†L = eiθt
0

and the U(1)V vector
transformations with UR = UL. The U(1)V symmetry describes baryon number, which is conserved in QCD.
The invariance under axial transformations is also broken by quantum fluctuations [10]. This breaking is
called the axial anomaly. The associated Noether current has a nonzero divergence:

JµA = ψ̄iγµγ5ψi, ∂µJ
µ
A =

g2Nf
8π2

G̃aµνG
µν
a , (1.1.21)

where G̃µν = 1
2ϵµνρσG

ρσ is the Hodge dual of the field strength tensor. The breaking of axial symmetry is
particularly important for the description of the η and η′ mesons.
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Similarly, the SU(Nf )R×SU(Nf )L can also be rewritten in terms of vector and axial vector transformations,
i.e. SU(Nf )R × SU(Nf )L = SU(Nf )V × SU(Nf )A with the same construction as before. The SU(Nf )A is
not a group since its multiplication is not closed, but the elements are well-defined transformations on the
fields. While the Noether currents for these are conserved, the vacuum is not invariant under SU(Nf )A

transformations. This specific mechanism of symmetry breaking is called spontaneous symmetry breaking.
According to Goldstone’s theorem, Goldstone bosons will appear as a result. Assuming Nf = 2 massless
quarks, we will end up with the 3 pions as Goldstone bosons. If we take the 3 Nf = 3 we have 8 Goldstone
bosons: the pions, kaons and η mesons. In reality, the quark masses are not vanishing, so these Goldstone
bosons are only approximately massless. They are then called pseudo-Goldstone bosons.

The quark mass terms immediately break most of the aforementioned symmetries. Symmetries broken
in this way, at the level of the Lagrangian but controlled by a (small) parameter, are called explicitly broken
symmetries. A dilatation of spacetime (1.1.7) gives the following transformation for a mass term:

miψ̄
iψi → λ3miψ̄

iψi, (1.1.22)

which leaves a factor λ−1 when integrated over d4x. Likewise, a mass term mixes left- and right-handed
fermions so they cannot be rotated separately:

miψ̄
iψi = mi(ψ̄

i
Lψ

i
R + ψ̄iRψ

i
L). (1.1.23)

The chiral symmetry group then breaks to the previously mentioned vector part U(Nf )V = SU(Nf )V×U(1)V ,
provided all the quark masses are equal. If they are not, we only have a (U(1)V )

Nf symmetry, which conserves
each of the different quark flavor numbers separately. Taking quark masses to zero is a good approximation
for the up and down quarks, since their masses are only a few MeV and quite close to one another. These
two then have an SU(2)V × U(1)V , which is called isospin. The third lightest quark s has a mass of about
100 MeV, of the same order as ΛQCD, making it non-negligible. This gives an explanation as to why the
pions are the lightest pseudoscalar mesons.
Aside from the mass term directly in the Lagrangian, at low energies the QCD interactions give the quarks
and gluons an effective mass, called the constituent mass, as it can be seen as the mass of quarks when they
are constituents of hadrons. The constituent quark mass is of the order of one third of the mass of the proton
or neutron, approximately 300 MeV.

1.2 Bound states of QCD

Quarks and gluons are not the asymptotic physical states that we detect. While it is not rigorously derived
from QCD, we have understood that color charge and by extension color charged particles such as quarks
and gluons are confined. In other words, all detected particles are in a color singlet state. The composite
particles we can detect are hadrons, and are categorized into mesons and baryons. Mesons are defined by
having integer spin and thus being bosons, or equivalently by having vanishing baryon number B = 0, where
B = ±1/3 for (anti)quarks and B = 0 for gluons. Baryons are defined by being fermions or equivalently by
B = 1 baryon number.
Mesons can be further split up into conventional and unconventional mesons. Conventional mesons are made
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up of a quark and antiquark pair, while unconventional mesons are made of every other possibility, examples
are tetraquarks, glueballs (made of only gluons), and molecular states (made up by two spatially distinct
quark-antiquark pairs). While unconventional mesons have many more possibilities, the vast majority of
mesons listed in the PDG are interpreted as a quark-antiquark state. Mesons are classified by a few quantum
numbers. These are their spatial angular momentum L, their spin S, their total angular momentum J =

L+ S. From these the parity P and charge conjugation C eigenvales can be calculated as

P = (−1)L+1, C = (−1)L+S . (1.2.1)

Mesons are then labeled by JPC . For example, the previously mentioned pseudo-Goldstone bosons have
JPC = 0−+ and are pseudoscalars. Scalar mesons have JPC = 0++, and vector mesons have JPC =

1−−. In conventional mesons with nonrelativistic quarks, the spin of the quark-antiquark pair necessarily
sums up to either 1 or 0. When S = 0, it follows that J = L, P = −C and the only possibilities are
JPC = even−+, odd+−. On the other hand if S = 1, we have P = C so only J++, J−− (except 0−−) are
allowed. This means that the discovery of a meson with quantum numbers such as JPC = 0+−, JPC =

1−+ immediately confirms that these are nonconventional and their internal structure is not simply quark-
antiquark. In table 1.1 the assignments of the ground state (n = 1) conventional mesons up to J = 2 are
listed along with their JPC and spectroscopic notation n2S+1LJ .

n2S+1LJ JPC
I=1
ud, du
dd−uu√

2

I=1/2
us, ds
sd, su

I=0
≈ uu+dd√

2

I=0
≈ ss

Meson names

11S0 0−+ π K η(547) η′(958) Pseudoscalar
13P0 0++ a0(1450) K⋆

0 (1430) f0(1370) f0(1500)/f0(1710) Scalar
13S1 1−− ρ(770) K⋆(892) ω(782) ϕ(1020) Vector
13P1 1++ a1(1260) K1A f1(1285) f ′1(1420) Axial vector
11P1 1+− b1(1235) K1B h1(1170) h1(1415) Pseudovector
13D1 1−− ρ(1700) K⋆(1680) ω(1650) ϕ(?) Excited-vector
13P2 2++ a2(1320) K⋆

2 (1430) f2(1270) f ′2(1525) Tensor
13D2 2−− ρ2(?) K2(1820) ω2(?) ϕ2(?) Axial tensor
11D2 2−+ π2(1670) K2(1770) η2(1645) η2(1870) Pseudotensor

Table 1.1: List of conventional qq̄ mesons following the quark model review of the PDG [2] up to J = 2 and
up to the lowest radial excitation.

It is still an open problem whether or not QCD breaks T and therefore CP invariance [11, 12]; the
symmetries of QCD allow for a term which breaks this, but experiments have only given an upper bound
for the strength of this term thus far. For the current work we can safely ignore this possibility and then C
and P are separately conversed in all QCD interactions.

1.3 Outline of the thesis

In this thesis we will study effective models for QCD at the level of hadrons. We phenomenologically describe
and predict the behavior of certain hadron. A particular focus is given to glueballs and unconventional
hadrons. The thesis is based on the publications [13] (Chapter 2), [14] (Chapter 4), [15, 16, 17] (Chapter 5),
[18] (Chapter 6)
In chapter 2 we examine the theory of a free scalar field interacting with a time independent classical source,
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as a model for the phenomenology of scalar glueballs in a post-collision medium. Historically it was believed
that on a time independent source there is no scattering and so the dynamics are trivial. We compute
scattering amplitudes exactly and show that this is not the case, but that the absence of scattering was a
result of the idea that one can switch off the interaction adiabatically. In fact this assumption does not hold
in this case, and particle production from the vacuum, conceptually similar to the Schwinger mechanism,
gives rise to scattering.
In chapters 3 we go over the construction of the extended Linear Sigma Model (eLSM), which is an effective
hadronic model based on the symmetries of QCD and their anomalous, explicit and spontaneous breaking
patterns. In its basic form it contains the dilaton (scalar glueball), pseudoscalars, scalars, vectors, and axial
vectors mesons. It can be readily extended to include more mesons such as higher spin mesons or different
glueballs. This is done in the following chapters. In chapter 4 we include the tensor and axial tensor mesons.
Experimentally, the ground-state tensor mesons are well known, but for the axial tensors the data on most
decay modes and masses are still missing. Due to the fact they are chiral partners, both of their interactions
can be described in a unified framework in the eLSM. From the eLSM we describe the decays of the tensor
mesons and predict some decay channels, and use this to predict the masses and decays of the axial tensor
mesons.
In chapter 5, we extend the eLSM to the tensor glueball. No glueball has yet been experimentally identified,
but the tensor is the second lightest glueball (after the scalar) according to lattice QCD calculations at
around 2 GeV, and therefore likely to be one of the easiest to find. There are a number of potential
candidate resonance which could be the tensor glueball, and we compare their known data to predictions we
make with the eLSM. From this, we conclude the f2(1950) is the most likely tensor glueball candidate.
In chapter 6 we study the decays of the J/ψ and ψ(2S) charmonium states in the eLSM. From perturbative
calculations in QCD it follows that these states should obey the so-called 13% rule, but for some decay
channels this rule is severely violated. The first discovered and biggest offender is the ρπ channel, and most
vector-pseudoscalar channels do not follow the 13% rule. We use the eLSM along with electromagnetic decay
channels, and allow the vector glueball to mix with the ψ(2S). Electromagnetic interactions turn out to be
crucial in order to agree with data, and the inclusion of the vector glueball improves the description as well.
With both these ingredients we reach a successful phenomenological description of the breaking of the 13%

rule of the V P decays of J/ψ and ψ(2S).

1.4 List of Publications

This thesis is based on the works

Chapter 2

1. L. Tinti, A. Vereijken, S. Jafarzade and F. Giacosa, “Scalar field with a time-independent classical
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116004 [arXiv:2403.15531 [hep-th]], doi:10.1103/PhysRevD.110.116004.

Chapter 4

2. S. Jafarzade, A. Vereijken, M. Piotrowska and F. Giacosa, “From well-known tensor mesons to yet
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Chapter 2

The scalar glueball with a time
independent classical source

2.1 Introduction

In the previous chapter we have seen that the gluons have a nonzero vacuum expectation value due to the
trace anomaly. In the presence of a medium, such as in matter or heavy-ion collisions, this expectation
value will pick up a spacetime dependence. This can then be modeled as a classical source of these particles,
which can form a scalar glueball. For example, particle production of a scalar field ϕ can manifest from a
self-interaction as follows

ϕ4(x) → ⟨ϕ⟩4x + 4 ⟨ϕ⟩3x ϕ(x) + ... (2.1.1)

One of these terms describes a ϕ field being created or annihilated by a source ⟨ϕ⟩3x. This is the model we
will study in depth in this chapter. This theory, which describes an uncharged free scalar particle coupled
to an external classical source, has received much attention during the early stages of the development of
quantum field theory. This is very natural given it is one of the simpler QFTs one can write down, and it
has become a textbook example illustrating concepts in quantum field theory [19, 20, 21, 22].
The common belief that was held in the past is that if the classical source is static in time, the theory has no
scattering and the time evolution is trivial. We will take a close look at the arguments used for this claim and
give reasoning as to why it can be disputed. Namely, in this chapter we calculate the exact time evolution
of quantum states, in particular states with definite particle number (and momentum). It turns out that in
the specific case of a time-independent source, the scattering is not trivial, but caused by particle production
from the (particle) vacuum. This vacuum decays in a similar fashion as in the Schwinger mechanism. In
fact, this vacuum decay, together with absorption of incoming particles by the source, is the key element to
solve all the dynamics of the system, whatever the initial state.
Vacuum decay is often described in terms of a metastable or false vacuum, which is a state at a local min-
imum of the Hamiltonian1, which then decays due to tunneling. In this context, vacuum decay of scalar
fields has been studied extensively for example by using thin wall approximations [23, 24, 25, 26, 27, 28, 29],
which in certain situations is analogous to quantum mechanical tunneling [30]. A possible experimental test

1This local minimum energy is a complex number, hence the metastable vacuum is not a true eigenstate of the Hamiltonian
which is why it decays.

10
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of false vacuum decay is proposed in [31, 32]. One important application is the study of the electroweak
vacuum of the Higgs potential [33, 34, 35, 36, 37, 38]. Quantum corrections to the Higgs self-interaction
can turn the minimum, which classically is a global one, to just a local minimum. Whether or not this
happens and the electroweak vacuum is a false vacuum depends on the parameters, in particular, the Higgs
mass and the top quark mass. According to current measurements and calculations it is indeed metastable
[34, 35, 36] with a lifetime longer than the age of the universe. It is however close enough to stability that
further studies and precise measurements are required. The presence of gravity also has interesting effects
on vacuum stability and vice versa, see e.g. [24, 39, 40, 41]. Recently it has been shown that also in the
non-interacting case nontrivial vacua can be necessary to properly renormalize the expectation values of
observables in flat [42, 43], as well as curved spacetimes and cosmologies [44, 45]. Non-trivial vacuum effects
have also been shown to be a relevant source of particles in heavy-ion collisions [42, 46].
Aside from serving as an effective description for dilaton production in the presence of a medium such as
a quark-gluon plasma in heavy-ion collisions, the perturbation of a ground state by a (temporary) classical
external field can be a convenient way to approximate various physical phenomena. Besides the many scalar
fields in hadron physics, beyond the Standard Model physics often have new scalar particles as well, such as
the inflaton in cosmology.

This vacuum decay process for scalar fields is conceptually analogous to the Schwinger mechanism [47,
48, 49, 30], in which particle-antiparticle pairs are created nonperturbatively from the vacuum in the pres-
ence of a strong static electric field. Past the conceptual similarity, the methods and results in this chapter
are different. While the Schwinger mechanism is a nonperturbative effect, is it still based on further approx-
imations, beyond the classical source, while we will have a class of exact solutions instead. In the Schwinger
mechanism there is particle-antiparticle pair production, in contrast to our case, in which a single particle
production, and by extension any number of particles, is possible. Whereas in the Schwinger mechanism the
vacuum decay is exponential, in this chapter we will see the The vacuum decay does not follow an exponen-
tial. In fact, the vacuum survival probability eventually saturates at large times, so that the final particle
number expectation is constant. In particular, the survival probability is quadratic at short times, thus
allowing for the quantum Zeno effect if repeated measurements are performed. The quantum Zeno effect is
realized when the time evolution of a system can frozen by repeated measurements at short time intervals
and occurs when the decay law at short times is slower than an exponential, see e.g. [50, 51, 52, 53, 54]. It
is an important effect in cavity QED [55, 56] and potentially even in large systems when gravity is involved
[57]. In the case of the anti Zeno effect [54, 58, 59] the decay is accelerated by repeated measurements with
longer time intervals. They are both generic results of quantum mechanics and quantum field theory, but in
most cases - for example the decay of muons - an exponential decay is an extremely good approximation. In
many systems an exponential is such a good approximation that it is experimentally indistinguishable from
the full decay law. In the vacuum decay studied in this chapter this is not the case; there is no time scale
where an exponential decay is a good approximation for the full decay formula.
We start off with describing the system in subsection 2.2. In subsection 2.3 we derive exact scattering am-
plitudes and probabilities of the vacuum decaying to n particles. In subsection 2.4 we focus on the vacuum
decay, and look at the small time and large time behaviors. Some specific forms of the external sources are
taken as examples and we calculate the vacuum decay probability distribution for these, and find the behavior
for large volume. In subsection 2.5 We compare the findings to previous work and discuss phenomenological
applications. Finally, we conclude in subsection 2.6.
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2.2 Setup of the model

We are interested in a free scalar field interacting with a static external field, as in the second term in (2.1.1).
The simplicity of this model allows us to do exact calculations, with no need for a perturbative expansion in
Wick or Feynman diagrams, and contrary to many perturbative calculations, we can stay in the Heisenberg
picture, and all quantities will be in this picture unless explicitly stated otherwise. The action of this theory
is given by

S =

∫
d4x L =

∫
d4x

(
1

2
∂µϕ(x)∂

µϕ(x)− 1

2
m2ϕ2(x) + gρ(x)ϕ(x)

)
. (2.2.1)

Here ρ(x) is a time independent, classical source of the field operator ϕ that carries dimensions Energy3, and
x is the spatial coordinate vector. In the interpretation with the dilaton, ρ(x) is essentially proportional to
⟨ϕ⟩3 (x), under the assumption that it does not change in time. The constant g is a dimensionless coupling
constant. The only further assumption about the source we will need is that it is Fourier transformable in
space. It is not Fourier transformable in time due to its time-independence. The equation of motion for the
system reads

□ϕ(x) +m2ϕ(x) = gρ(x). (2.2.2)

As with many ordinary differential equations, solutions to this equation of motion consist of two parts. The
first is a solution ϕ0(x) to the homogeneous part of the equation, i.e. the Klein-Gordon equation:

□ϕ0(x) +m2ϕ0(x) = 0. (2.2.3)

The homogeneous part ϕ0(x) can be solved by a decomposition into positive and negative energy plane waves
as:

ϕ0(x) =

∫
d3p

(2π)3
√

2Ep

[
ape
−ip·x + a†pe

ip·x
]
, (2.2.4)

where ap, a†p are the particle creation and annihilation operators. The second part is the particular solution.
It can be thought of as an advanced Green’s function for t < t0 and a retarded Green’s function for t > t0,
and zero for t = t0. We will just give the solution and verify it explicitly. The full solution is then

ϕ(x) = ϕ0(x) + i g

∫ t

t0

dy0

∫
d3y

∫
d3p

(2π)32Ep

[
e−ip·(x−y) − eip·(x−y)

]
ρ(y). (2.2.5)

Here t = x0 is the time coordinate and t0 is an initial time. Without loss of generality, we can set this
initial time t0 = 0, which we will do from here on out. This solution encompasses both situations t > 0 and
t < 0, by a sign difference due to the integral boundaries. Because the integral vanishes for t = 0, the initial
condition is then that at t = 0, the full solution is equal to a free field: ϕ(0,x) = ϕ0(0,x) We can see it is a
solution by explicitly applying the Klein-Gordon operator:

(□+m2)ϕ(x) = 0 + i g

∫ t

0

dy0

∫
d3y

∫
d3p

(2π)32Ep

[
(−p2 +m2)e−ip·(x−y) − (−p2 +m2)eip·(x−y)

]
ρ(y)

+ i g

∫
d3y

∫
d3p

(2π)32Ep

[
(−iEp)e

ip·(x−y) − (iEp)e
−ip·(x−y)

]
ρ(y) (2.2.6)

= g

∫
d3p

(2π)3
eip·x

∫
d3y e−ip·y ρ(y) = gρ(x).
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In the second passage we use that the integrals are invariant under p → −p, and in the final passage we
use the requirement of Fourier transformability of ρ mentioned earlier to apply the Fourier and the inverse
Fourier transform. Evaluating the y0 integral in (2.2.5) and using the homogeneous solution (2.2.4), the
exact form of the field for t > 0 can be written in the explicit form

ϕ(x) =

∫
d3p

(2π)3
√

2Ep

ap + g
eiEpt − 1√

2E3
p

∫
d3y e−ip·yρ(y)

 e−ip·x

+

a†p + g
e−iEpt − 1√

2E3
p

∫
d3y eip·yρ(y)

 eip·x

 .
(2.2.7)

The time dependence of the in-homogeneous part can also be written as sin(Ept)/Ep, which is a nascent
delta function. For t → ∞ it approaches the Dirac delta function δ(Ep). Because the on-shell energy is
strictly larger than zero due to the mass, this then approaches a free field. But just because it approaches
a free field at asymptotically late times, does not mean that the time evolution, even for very large time
intervals, is trivial. For any finite t we can calculate this integral explicitly and we can take the infinite time
limit at a later point, after inner products are taken and we are dealing again with expectation values, this
will leave us with nontrivial dynamics.
In order to ease the notation, we define the functions h and f by

h(p) = g
−1√
2E3

p

∫
d3y e−ip·yρ(y),

f(t,p) = g
eiEpt − 1√

2E3
p

∫
d3y e−ip·yρ(y).

(2.2.8)

Using this notation, the field solution (2.2.7) can be written in the compact way

ϕ(x) =

∫
d3p

(2π)3
√

2Ep

[(
ap + f(t,p)

)
e−ip·x +

(
a†p + f∗(t,p)

)
eip·x

]
, (2.2.9)

so it is more clearly in a form similar to (2.2.4), but with time dependent creation and annihilation operators.
From (2.2.9) we can immediately see the form of these time dependent ladder operators

ap(t) = ap + f(t,p) = ap + (1− eiEpt)h(p) . (2.2.10)

To avoid confusion, we note that the operators ap(t), despite their explicit time dependence, do not evolve
with the Heisenberg equation: ap(t) ̸= U†(t, 0)ap(0)U(t, 0). This is necessary to be consistent with the
convention used for the free case (2.2.4). In the limit g → 0 the ap(t) reduce to the free ap, which have
nontrivial commutation relations with the free Hamiltonian, but importantly they are constant. Therefore
even in the Heisenberg picture they are defined to be time independent in the free case. One might then
expect that they evolve with the interaction picture propagator UI = U†0U . This is indeed the case, and will
be shown and used extensively in subsection 2.3.
From this relation we have, by construction, that ap(0) is just ap which is the initial condition, so we will
omit the time argument at t = 0. The fact that the field can be written in terms of time dependent creation
and annihilation operators is a general feature of quantum field theories. With these new time dependent
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for the interacting field, we can construct the particle number operator and calculate its expectation value
with respect to the (free) particle vacuum. Since the ladder operators are just the free field operators shifted
by a function, this expectation value is simply

N0(t) = ⟨0|N(t) |0⟩ =
∫

d3p

(2π)3
⟨0| a†p(t)ap(t) |0⟩ =

∫
d3p

(2π)3
|f(t,p)|2 = 2

∫
d3p

(2π)3

(
1− cos(Ept)

)
|h(p)|2 .

(2.2.11)
Even though the creation and annihilation operators do not evolve according to the Heisenberg equation the
number operator N(t) does, as is normal for observables. The combination a†p(t)ap(t) = U†I a

†
p UIU

†
I ap UI =

U†I a
†
pap UI = U† (U0 a

†
p U
†
0 ) (U0 ap U

†
0 )U . The commutation relations between the ladder operators and the

free Hamiltonian are the standard ones, and so the phases for the free evolution U0 ap U
†
0 = eiEptap and its

Hermitian conjugate cancel exactly. The calculation of the normal-ordered Hamiltonian can be done with
standard methods. Here we will do it specifically for a time independent source, in the appendix of [13] a
derivation for any type of source can be found. The Lagrangian (2.2.1) has no derivatives in its interaction
term, so the stress tensor has the standard form

Tµν(x) = ∂µϕ(x)∂νϕ(x)− gµνL, (2.2.12)

the (0, 0)th component of which is the Hamiltonian density:

H =

∫
d3x T 00 =

∫
d3x

(
1

2

[
(∂tϕ(x))

2 + (∇ϕ(x))2 +m2ϕ(x)2
]
− gρ(x)ϕ(x)

)
. (2.2.13)

The first part of which has the same form as the stress tensor of the free theory, but with the field (2.2.9).
This term will give the standard result of the Klein-Gordon Hamiltonian but expressed in the time dependent
ladder operators (2.2.10). We then just need to solve the additional term∫

d3x gρ(x)ϕ(x) =

∫
d3p

(2π)3
√
2Ep

(
ap(t) e

−iEpt

∫
d3x ρ(x) eip·x + h.c.

)
=

∫
d3p

(2π)3
√
2Ep

(
ap(t) e

−iEpt
(
−
√
2E3

p

)
h∗(p) + h.c.

)
=

∫
d3p

(2π)3
(−Ep)

(
ap(t) e

−iEpt h∗(p) + a†p(t)e
iEpt h(p)

)
.

(2.2.14)

Combining this with the "free-like" part for the full Hamiltonian:

H =

∫
d3p

(2π)3
Ep

[
a†p(t)ap(t) + ap(t)h

∗(p) e−iEpt + a†p(t)h(p) e
iEpt

]
=

∫
d3p

(2π)3
Ep

[ (
a†p(t) + h∗(p) e−iEpt

) (
ap(t) + h(p) eiEpt

) ]
−
∫

d3p

(2π)3
Ep|h(p)|2.

(2.2.15)

Finally we use the relation between h and f also shown in (2.2.10), rewritten as ap(t)+h(p) eiEpt = ap+h(p)

for the final form of the Hamiltonian

H =

∫
d3p

(2π)3
Ep

[(
a†p + h∗(p)

)(
ap + h(p)

)
− |h(p)|2

]
. (2.2.16)
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It turns out that when the source is time independent, the Hamiltonian is also time independent. This is as
expected, because it means there is time translation symmetry. As long as the integral∫

d3p

(2π)3
Ep|h(p)|2 =

∫
d3p

(2π)32E2
p

∣∣∣∣∫ d3x eip·xρ(x)

∣∣∣∣2 (2.2.17)

converges, the full interacting Hamiltonian corresponds to a finite off-set plus a “free-like” term. The Hamil-
tonian has the same spectrum as a free Hamiltonian but with the creation and annihilation operators shifted
by a function. The final Hamiltonian is then not diagonal for the basis that diagonalizes the free Hamiltonian.
This is to be expected, since it is necessary in order to have nontrivial time evolution of the observables,
i.e. have nontrivial scattering. However, this shift by a function is different from the shift seen in the ladder
operators in the field (2.2.10). After all, the fields are time dependent through the creation and annihilation
operators ap(t), while the Hamiltonian is time independent. This is already a first indication that the Hamil-
tonian does not have a basis of mutual eigenstates with the momentum or the particle number operator.
Concretely, we can show this by looking at the commutator. It is clear from (2.2.12) that in the components
of the momentum operator, the external source does not show up explicitly:

P i =

∫
d3x T 0i =

∫
d3p

(2π)3
pia†p(t)ap(t), (2.2.18)

that is, similarly to the "free-like" part of the Hamiltonian, one can go through the usual computation for
free fields where only the ladder operators are defined differently. The commutator of the Hamiltonian with
the ladder operators is slightly modified compared to the free case:

[H, ap(t)] = [H, ap] = −Ep(ap + h(p)). (2.2.19)

The commutator of the Hamiltonian and the momentum operator then follows from a straightforward cal-
culation similar to the one for the Hamiltonian:

[H,P] =

∫
d3p

(2π)3
p[H, a†p(t)ap(t)] =

∫
d3p

(2π)3
pEp

(
a†p(t)

(
f(t,p)− h(p)

)
− ap(t)

(
f∗(t,p)− h∗(p)

))
.

(2.2.20)

Consequently, there is no basis of simultaneous eigenstates of both the Hamiltonian and the momentum
operator. This is also expected, since momentum conservation is violated because there is no space translation
symmetry in the Lagrangian. From another point of view. the interaction term describes an external source
creating or destroying a single particle, so it is not surprising momentum is not conserved.

2.3 Scattering amplitudes

2.3.1 General expressions

Given a generic initial state of the system |ψi⟩ measured or prepared at time ti = 0, the probability amplitude
and probability to measure the state |ψf ⟩ at a later time t > 0 are given by the time-evolution operator of
the theory U(t, 0) by

ai→f (t) = ⟨ψf |U(t, 0)|ψi⟩ , Pi→f (t) = |ai→f (t)|2 . (2.3.1)
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The operator U(t, 0) is also referred to as the ‘propagator’ [19, 60], but this should not be confused with the
Feynman propagator or similar quantities. These other quantities will not be as relevant for this chapter
and so we will use the names evolution-time operator or propagator interchangeably in this chapter.
The probability amplitude simplifies significantly when the Hamiltonian is time independent. For a time
independent source, the Hamiltonian is also time independent. When the source depends on time then so
will the Hamiltonian, and solving (2.3.1) becomes a nontrivial task. Before focusing on the case for the static
source, we will solve the dynamics for an arbitrary source, and simplify to a static source later on. One
way to tackle this problem is to fully calculate the Dyson series. However, since we have the full solutions
to the equation of motion at all time (2.2.9), it is possible to avoid solving for the propagator U(t, 0), by
taking a small detour into some unphysical states. Any uncharged scalar field can be decomposed in terms
of time-dependent ladder operators in the form (2.2.9). This allows us to use all the free-field concepts of
normal ordering and build the particle number eigenstates. Since the field coincides with a free field at t = 0,
the particle number eigenstates built with the free field are the particle number eigenstates of the interacting
scalar field at t = 0. In the Heisenberg picture the physical states do not evolve in time, therefore the states
at time t0 = 0 are the physical states at all times.
It is now possible to use this freedom of choice of basis to solve the exact dynamics of this system, while
bypassing the need to solve for the time-evolution operator U(t, 0). The key ingredient is to notice that
the time-dependent ladder operators evolve with the interaction propagator. In general for quantum field
theories of real valued scalar fields we can write the annihilation operator as:

ap(t) =
i√
2Ep

∫
d3x eiEpt e−ip·x

[
Π(t,x)− iEp ϕ(t,x)

]
, (2.3.2)

where Π(t, x) = ∂L/∂ϕ̇ is the conjugate momentum, and the creation is the complex conjugate. These have
the same (equal time) commutation relations as the free ladder operators ap, a†p, and are consistent with
writing the field in the form (2.2.9). The interacting (Heisenberg picture) fields evolve according with the
full propagator U(t, 0) of the theory, therefore

ap(t) =
i√
2Ep

∫
d3x eiEpt e−ip·x

[
U−1(t, 0)Π(0,x)U(t, 0)− iEp U

−1(t, 0)ϕ(0,x)U(t, 0)

]

= U−1(t, 0)

{
i√
2Ep

∫
d3x eiEpt e−ip·x

[
Π(0,x)− iEp ϕ(0,x)

]}
U(t, 0)

= U−1(t, 0)

{
eiEpt ap

}
U(t, 0) .

(2.3.3)

On the other hand, the ladder operators have the same commutation relations with the free Hamiltonian
H0 as the free field. Using the commutation relation (2.2.19), the additional phase eiEpt can be written2 in
terms of the free propagator U0(t, 0) = exp{−iH0t}, leading to

ap(t) = U−1(t, 0)

{
eiEpt ap

}
U(t, 0)

= U−1(t, 0)

{
U0(t, 0) ap U

−1
0 (t, 0)

}
U(t, 0) = U−1I (t, 0) ap UI(t, 0) ,

(2.3.4)

2In a different convention, this phase with opposite sign describes the time dependence of the free ladder operators in the
Heisenberg picture, derived in the same way.
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where we recognize the propagator in the interaction picture UI = U−10 U . The very same argument holds
for the creation operator, since the numerical phase in the phase has the opposite sign, following from the
opposite sign of the commutation relations with H0. Using the fact that the creation and annihilation
operators evolve with the interaction picture propagator, we can define a continuous set of states labeled by
t:

|0⟩t = U−1I (t, 0)|0⟩ ⇒ ap(t)|0⟩t =
(
U−1I (t, 0) ap UI(t, 0)

)
U−1I (t, 0)|0⟩

= U−1I (t, 0)
(
ap|0⟩

)
= 0,

|p1, · · · ,pn⟩t = U−1I (t, 0)|p1, · · · ,pn⟩ ⇒

a†p(t) ap(t) |p1, · · · ,pn⟩t = U−1I (t, 0)
(
a†p ap |p1, · · · ,pn⟩

)
.

(2.3.5)

At every time t, the states with subscript t are eigenstates of the number operator N(t), and the states
without subscript t are just the regular Heisenberg states, eigenstates of the number operator at time t = 0.
It is important to note that these states are not physical states3, nor are they the states described by the
interaction picture, since their time evolution is given by U−1I instead of the regular UI . They are also not
energy eigenstates, as there are no simultaneous eigenstates of the Hamiltonian and the number operator (or
equivalently of the Hamiltonian and the momentum operator). Even though these states are defined by the
interaction picture propagator, we are still working in the Heisenberg picture. These states are just a useful
tool for the calculation. By construction we have

t⟨p1, · · · ,pn|k1, · · ·kn⟩ = ⟨p1, · · · ,pn|UI(t, 0) |k1, · · ·kn⟩. (2.3.6)

To avoid confusion it is useful to recall which states to project on. It might be intuitive to think that, since
the basis of particle number eigenstates changes over time, one has to sandwich the propagator between the
initial time n particle state and an m particle state at final time. Why this should not be done is most
easily seen in the Schrödinger picture, where the basis of eigenstates of an operator does not change over
time, and one has to sandwich in between two states of the same basis. Matrix elements are equivalent
between pictures, so it is correct to sandwich the operator between two t = 0 eigenstates4. The regular
matrix elements of the full propagator then read

⟨p1, · · · ,pn|U(t, 0) |k1, · · ·kl⟩ = ⟨p1, · · · ,pn|U0(t, 0)U
−1
0 (t, 0)U(t, 0) |k1, · · ·kl⟩

= ⟨p1, · · · ,pn|U0(t, 0)UI(t, 0) |k1, · · ·kl⟩ =

 n∏
j=1

e−iEpj
t


t⟨p1, · · · ,pn|k1, · · ·kl⟩.

(2.3.7)

Here we see more clearly the benefit of using the time dependent particle number eigenstates; the matrix
elements are given by a projection without the propagator and with some additional phases. It is possible to
use this result to solve for the scattering exactly. Namely, from the definition (2.3.5), we recognize that the
t states are built just like the regular n particle states, but with the t vacuum and time dependent creation

3They are not normalized to one. However they are a basis for the physical states in the usual way.
4Or between two eigenstates for some other time t = t′ as long as they are taken at the same time, since the basis spans the

Hilbert space for all times all the information is still present in these inner products.
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operators:

|p1, · · · ,pn⟩t =

√∏n
j=1(2Epj )

n!
a†p1

(t) · · · a†pn
(t) |0⟩t . (2.3.8)

The explicit form of the ap(t) in terms of the ap is known exactly from Eq. (2.2.9), which was a shift by a
function. In particular, the mixed commutators still give a Dirac delta

ap(t) = ap + f(t,p) ⇒
[
ap(t), a

†
p

]
= (2π)3δ3(p− q), (2.3.9)

and the vacua are proportional to a coherent state of each other (a quick overview of coherent states is given
in appendix B)

ap(t) |0⟩t = 0 ⇒ 0 =
(
ap + f(t,p)

)
|0⟩t ⇒ ap|0⟩t = −f(t,p)|0⟩t,

ap |0⟩ = 0 ⇒ 0 =
(
ap(t)− f(t,p)

)
|0⟩ ⇒ ap(t)|0⟩ = f(t,p)|0⟩.

(2.3.10)

Applying (2.3.10) and the commutators (2.3.9) to (2.3.7) we quickly find the propagator matrix element

⟨p1, · · · ,pn|U(t, 0) |k1, · · ·kl⟩ =

 n∏
j=1

e−iEpj
t


t⟨p1, · · · ,pn|k1, · · ·kl⟩

=

√∏n
j=1

(
2Epj

)
n!

√∏l
s=1 (2Eks

)

l!

 n∏
j=1

e−iEpj
t


t⟨0| ap1

(t) · · · apn
(t) a†k1

· · · a†kl
|0⟩

=
t⟨0|0⟩√
n!l!


n∏
j=1

[
e−iEpj

tf(t,pj)
√

2Epj

] l∏
s=1

[
−f∗(t,ks)

√
2Eks

]

+ (2π)3
n∑
j=1

l∑
s=1

(2Eks
) e−iEks t δ3(pj − ks)

∏
j′ ̸=j

[
e
−iEp

j′
t
f(t,pj′)

√
2Epj′

] ∏
s′ ̸=s

[
− f∗(t,ks′)

√
2Eks′

]

+ all combinations with two and more Dirac deltas
}
.

(2.3.11)

The final equality is gained using the commutation relation (2.3.9) and the actions on the vacuum (2.3.10),
it gives one term without any Dirac delta, and nl terms (all the combinations between p’s and k′s) with a
single Dirac delta. If both n and l are larger than 1, then there are n(n − 1)l(l − 1) terms with two deltas
(all the combinations for two contractions), and so on until either n− n or l− l is hit. The numerical factor
is the same in all instances except that the functions for the indices that appear in the deltas are omitted.
To finish the calculation, all that is left is to compute the overlap t⟨0|0⟩. The absolute value can be follows
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from the normalization of the physical states, for instance of |0⟩:

1 = ⟨0|0⟩ = ⟨0|U†(t, 0)1U(t, 0) |0⟩ =
∞∑
n=0

 n∏
j=1

∫
d3pj

(2π)32Epj

 |⟨p1, · · · ,pn|U(t, 0) |0⟩|2

=

∞∑
n=0

1

n!

 n∏
j=1

∫
d3pj
(2π)3

 |t⟨0| ap1
(t) · · · apn

(t)|0⟩|2

=

∞∑
n=1

|t⟨0|0⟩|2

n!

(∫
d3p

(2π)3
|f(t,p)|2

)n
= |t⟨0|0⟩|2 eN0(t) ,

(2.3.12)

Where we recall N0(t) is the expectation value of the particle number operator given in (2.2.11), leading to

|t⟨0|0⟩| = e−
1
2N0(t) . (2.3.13)

The terms in the series in (2.3.12) are also the probabilities for the particle vacuum to decay into n-particle
states after a time t. The use of t states simplifies the calculation of these to a few lines, compared to a more
standard procedure of projecting onto eigenstates of the Hamiltonian. These probabilities are given by a
Poisson distribution with expectation value N0(t) (as expected), which fully contains the time dependence.
The probabilities are normalized to one because of the normalization of the initial time vacuum state |0⟩, i.e.
(2.3.12). This just leaves the phase of the overlap t⟨0|0⟩ as unknown. Because we are primarily interested in
the modulus over the overlap to calculate probabilities with, we will just give the result for the phase. The
derivation can be found in the appendix of [13]. Writing the overlap as t⟨0|0⟩ = |t⟨0|0⟩| eiφ(t), the phase φ(t)
is given by:

φ(t) =
i

2

∫ t

0

dx0
∫

d3p

(2π)3

[
∂x0f∗(x0,p) f(x0,p)− f∗(x0,p) ∂x0f(x0,p)

]
. (2.3.14)

2.3.2 One particle scattering

As a concrete example of a nontrivial scattering amplitude, we will consider the scattering of a single initial
state particle with the classical static source. Since there are no other interactions by which virtual particles
can mediate the interaction, we would expect that the particle seems like a free particle as long as it misses
the source. We will show explicitly that this expectation holds. We write down the single particle initial
state as

|ψ1⟩ =
∫

d3k

(2π)32Ek
ψ1(k) |k⟩, . (2.3.15)

Moreover, we define ψ0(t;p1, · · · ,pn) as the n-particle partial wave of the time evolved initial t = 0 vacuum

ψ0(t;p1, · · · ,pn) = ⟨p1, · · · ,pn|U(t, 0) |0⟩ = t⟨0|0⟩√
n!

n∏
j=1

[
e−iEpj

tf(t,pj)
√
2Epj

]
, (2.3.16)

which is computed from (2.3.11), and we know its modulus from (2.3.12). It will be convenient to recognize
in the scattering amplitude formula. For n = 0 it is the survival amplitude of the particle vacuum which is
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given by ψ0(t) = t⟨0|0⟩. For a single particle in the initial state, the only nonzero terms in (2.3.11) are

⟨p1 · · ·pn|U(t, 0) |ψ1⟩ = −ψ0(t;p1 · · ·pn)
∫

d3k

(2π)3
√
2Ek

f∗(t,k)ψ1(k)

+
1√
n

n∑
j=1

[
ψ1(pj) e

−iEpj
t ψ0(t;p1, · · ·pj−1,pj+1, · · · ,pn)

]
.

(2.3.17)

The simplest cases to consider are for n = 0 or n = 1. In the n = 0 case the sum in the second term is
empty, so the only term is the absorption of the incoming particle by the source, but nothing is emitted as
a result. For n = 1 there is a contribution where the particle is absorbed and re-emitted, and a contribution
where it does not interact with the source and propagates freely. Diagrammatically, for n = 1 the amplitude
can be understood as

+ , (2.3.18)

corresponding to the amplitude given by

⟨p|U(t, 0) |ψ1⟩ = −ψ0(t;p)

∫
d3k

(2π)3
√
2Ek

f∗(t,k)ψ1(k) +
[
ψ1(p) e

−iEpt ψ0(t)
]

, (2.3.19)

The first term on the RHS contains the amplitude ψ0(t;p) describing the emission of a particle with mo-
mentum p out of the initial particle vacuum after a time t has elapsed, multiplied by the amplitude for the
annihilation of the original state |ψ1⟩. It includes all vacuum contributions with creation and annihilation
of an arbitrary number of particles. The second term on the RHS contains the amplitude for the free prop-
agation of |ψ1⟩ multiplied by the vacuum survival amplitude ψ0(t), which also includes the creation and
subsequent annihilation of any number of particles.
The above pictures are strictly speaking not Feynman diagrams, since we are not doing a perturbative expan-
sion and ψ0(t;p1, · · · ,pn) implicitly contains many contributions of creation and annihilation of intermediate
particles. Yet they offer an intuitive picture for the process. The general structure for n outgoing particles
is largely similar. In general the amplitude can be diagrammatically written as

+ . (2.3.20)

The first term can be understood as the probability amplitude that the initial particle is absorbed by the
source, times the n-particle wave-function of the vacuum. The second part is the free-particle wave-function
ψi(p)e

−iEpt times the (n − 1)-particles vacuum contribution, where the pj is excluded from the vacuum
contribution. The summation ensures that this contribution is manifestly symmetric in the exchange of any
identical particle, and the 1/

√
n gives the proper normalization to 1. The full dynamics can be understood

as the interference between three components: the decay of the vacuum, the amplitude for absorption of the
initial particle, and the free propagation of the original mode. The vacuum decay is a necessary component



CHAPTER 2. THE SCALAR GLUEBALL WITH A TIME INDEPENDENT CLASSICAL SOURCE 21

of the scattering; if the vacuum did not decay, there would have been no scattering.
Is it instructive to examine the absorption amplitude in terms of integrals over space rather than momentum,
calling ψ1(x)

ψ1(x) =

∫
d3p

(2π)32Ep
e−ip·xψ1(p), (2.3.21)

the wave function in space-time that the original state would have if it were a free system, making use of
the definition of f(t,k) in (2.2.8), we have

A(t) = −
∫

d3k

(2π)3
√
2Ek

f∗(t,k)ψ1(k) = −i g
∫ t

0

dy0
∫
d3y

∫
d3k

(2π)32Ek
ρ(y) e−ip·yψ1(k)

= −i
∫ t

0

dy0
∫
d3y g ρ(y) ψ1(y).

(2.3.22)

This absorption amplitude vanishes if the time integral of the overlap between the free-like wave-function
ψ1(x) and the classical source is vanishing. This corresponds to the intuitive notion of “the wave-packet
misses the classical source”, i.e.

ρ(x)ψ1(x) = 0, ∀x0 ∈ [0, t], ∀x ∈ R. (2.3.23)

Because of the exact and general (2.3.17), if the amplitude A is vanishing the only remaining part of
the dynamics is the eventual decay of the vacuum, in the form of the ψ0’s, in an appropriate symmetric
combination with the free-like part. It is not possible to remove the vacuum decay, but we can look at
the conditional probability that no extra particles come from the vacuum decay. That is, we normalize
the probability amplitudes by dividing by

∫
d3p

(2π)32Ep
|⟨p|U |ψ1⟩|2, so the probabilities are conditional on the

observation of ‘one particle goes in, one particle comes out’, while keeping the original phase in the wave
functions. This operation also corresponds to the ‘collapse’ of the wave function if the final state is measured
to contain one particle only. By construction, the resulting wave functions are normalized to 1. When the
absorption amplitude is zero, the resulting one particle wave function after scattering is

eiφ(t) e−iEptψ1(p) . (2.3.24)

This is almost the wavefunction of a free particle in the Schrödinger picture. The energy phase e−iEt is a
consequence of the time evolution of the states for free fields. The phase eiφ is not, but it can be removed
from the theory without changing the equations of motion since it corresponds to a (time-dependent) phase-
convention of the basis, rather than any physical observable. Since φ(t) is given as a time integral (2.3.14),
it is possible to add the function −∂tφ(t) to the Lagrangian of the system to compensate for this phase in
the final formulas.
In this sense, for a vanishing overlap A(t) = 0, the elastic scattering with the classical source gρ is trivial
and indistinguishable from a free particle. The nontrivial dynamics involve the creation of and interference
with the extra particles from the vacuum decay. It goes without saying that the elastic scattering is not
trivial for a non-vanishing A. In that case the normalized partial wave is given by:
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[
A(t)ψ0(t;p) + ψ0(t) e

−iEptψi(p)

]
exp
[
1
2N0(t)

]√
|A(t)|2

[
N0(t)− 2

]
+ 1

. (2.3.25)

This will be zero if
√

2Epf(t,p) happens to be exactly equal to the starting ψ1, f(t,p)
√
2Ep = ψ1(p). All

of this can be extended to the case of multi-particle initial states. Instead of one absorption amplitude there
are amplitudes for the absorption of one or more of the initial particles, the vacuum decays as in the one
particle case, and the initial state that evolves freely.

2.4 Vacuum decay and Schwinger mechanism

In the previous subsection we have seen that the initial particle vacuum |0⟩ is not an energy eigenstate and
so it will decay and produce particles. Conceptually, We then have a situation quite similar to the Schwinger
mechanism, in which particle-antiparticle pairs are created from an initial vacuum in the presence of a strong
static electric field. There are however some interesting differences in the result. In (2.3.12) we can see the
probability distribution for the particle vacuum to decay into n particle after a time t has elapsed. This
gives a Poisson distribution with the expectation value found earlier in (2.2.11), that is

P0→n(t) =
e−N0(t)

n!

[
N0(t)

]n
,

N0(t) = ⟨0|N(t) |0⟩ = 2

∫
d3p

(2π)3

(
1− cos(Ept)

)
|h(p)|2 .

(2.4.1)

The function h(p) is a weighted Fourier transform of the source gρ(x), given in (2.2.8). As expected, in the
limit of t → 0 the expectation value is 0 and so the vacuum is stable. The limit t → ∞ depends on the
form of the source. Later on we will look into some specific forms of ρ, but right now we can already argue
that it is finite. The integral can be re-written as an integral over energy and angle (which is bounded),
and is absolutely convergent. Therefore the Riemann-Lebesgue lemma applies which says that in the limit
of t → ∞ the oscillatory term goes to 0, meaning the expectation value goes to the finite nonzero positive
value:

lim
t→∞

N0(t) = 2

∫
d3p

(2π)3
|h(p)|2 <∞ . (2.4.2)

This implies that the particle production rate goes to zero for large times, leaving us with a finite amount of
particles (or particle density for large volumes), without any need to turn off the source. Since the derivation
of subsection 2.3 was valid even for time dependent sources, the source can of course be chosen so that it
turns off after some time. This is already in stark contrast with the Schwinger mechanism, where the particle
production rate is constant, so the number of particles is linear in time.

As a short aside, one could think that there might be a different initial state which is with no particles
stable. However we can see that there is no state that fulfills such a generalized definition of a vacuum that
has zero particle number expectation value for all times. Of course the lowest energy eigenstate is stable,
but we have seen earlier that this is not a particle number eigenstate. The argument that there is no such
state then looks at time t = 0, for which an arbitrary pure state |ψ⟩ has particle number expectation value∫

d3p

(2π)3
⟨ψ| a†pap |ψ⟩ =

∫
d3p

(2π)3
|ap |ψ⟩|2 . (2.4.3)
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This is only zero when ap |ψ⟩ = 0 for all p. Since there is no other degree of freedom other than the field
ϕ, this is only true for the unique state |0⟩. This argument generalizes to mixed states as well, because the
density matrix eigenvalues are non-negative. Since |0⟩ is the only state that fulfills zero particle number at
t = 0, and for t > 0 it has a nonzero particle number expectation value as per (2.2.11), it must be that a
state with zero particle number expectation value for all time does not exist.

2.4.1 Quantum Zeno effect

The (quantum) Zeno effect [50, 51, 52, 53, 54] is a phenomenon where repeated measurements shortly after
one another can freeze the system into the initial state. It is a general consequence of QM and QFT provided
the expectation value of the Hamiltonian is finite [51]. It can be identified by the condition P ′(0) = 0, which
also implies that the survival probability for short times is not given by an exponential. It is measured for
example in cavity QED [55, 56] and is speculated to have an effect in Hawking radiation in large black holes
[57]. We can show the occurrence of the Zeno effect explicitly for the decay law given by (2.4.1). Namely,
the vacuum survival probability

P0→0(t) = exp

{
−2

∫
d3q

(2π)3

(
1− cos(Eqt)

)
|h(q)|2

}
(2.4.4)

can be expanded for short times:

exp

{
−
∫

d3q

(2π)3
E2

qt
2 |h(q)|2

}
= e
− t2

τ2
Z , (2.4.5)

where we define a ‘Zeno time’ τZ by
1

τ2Z
≡
∫

d3q

(2π)3
E2

q |h(q)|
2
. (2.4.6)

We then look at the situation where we have repeated measurements of the vacuum and whether or not
it survived. We let the system evolve over a (possibly large) time T with N measurements separated by
equally spaced small time intervals t = T/N . For the vacuum to survive at time T , it needs to survive at
each measurement, meaning

P0→0(T ) = (P0→0(t))
N ≈ exp

[
−N t2

τ2Z

]
= exp

[
− 1

N

T 2

τ2Z

]
. (2.4.7)

given N is chosen sufficiently large so that t is sufficiently small, the short time behavior of the survival
probability now also determines the behavior for long times T . Furthermore, for a given time T , N can be
chosen arbitrarily large, which makes the survival probability approach 1, preserving the initial state which
would normally be prone to change over time. Moreover, upon inspection of (2.4.4), we can reason there is
no regime where an exponential decay law is a good approximation. For small times the leading behavior
is given by (2.4.5), after which the oscillatory behavior becomes relevant. At large time the oscillation dies
out and the particle number expectation value becomes a non-vanishing constant (2.4.2).

2.4.2 Numerical examples

As a computational example, and to illustrate the time dependence, we will compute the probability distri-
bution for two different forms of the external source, one which has a Gaussian distribution and one which
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is constant (flat) inside a finite box. We will take them of the forms:

gρ1(x) = gm3 exp

(
−π

x2

L2

)
, (2.4.8)

gρ2(x) = gm3 θ

(
L

2
− x

)
θ

(
L

2
+ x

)
θ

(
L

2
− y

)
θ

(
L

2
+ y

)
θ

(
L

2
− z

)
θ

(
L

2
+ z

)
, (2.4.9)

where g is the same dimensionless coupling constant we used before which determines the strength of the in-
teraction, and L is a length parameter that determines the volume of the sources. The sources are normalized
such that their total charges and strengths at the origin are equal:

∫
d3xgρ1(x) =

∫
d3xgρ2(x) = gm3L3,

and ρ1(0) = ρ2(0) = gm3. For the expectation value we need the weighted Fourier transforms of the sources
(2.2.8), which are given by

h1(p) = − g

(p2 +m2)3/4
m3L3 e−

p2L2

4π , (2.4.10)

h2(p) = − g

(p2 +m2)3/4

8m3 sin
(
Lpx
2

)
sin
(
Lpy
2

)
sin
(
Lpz
2

)
pxpypz

, (2.4.11)

where px, py, pz are the components of the 3-momentum p. This allows us to compute the integral (2.4.1)
numerically. Since the mass is the only parameter with dimension of energy for this form of the sources,
we will set the mass m = 1. Consequently the time t and length-scale L will be expressed in units of 1/m.
The dependence on g is simple: N0(t) scales with g2, even though the result is non-perturbative, and the
dependence on L has no simple form except in the large L limit, which we look at shortly. The particle
number expectation value for both types of sources with g and L set to 1 is shown in figure 2.1, where we can
see that saturation of the particle expectation value sets in quite quickly. The vacuum survival probability
for the Gaussian source and its short time approximation are shown in figure 2.2.
Connecting back to the dilaton, the scalar glueball, which is thought to have a mass of around 1.7 Gev, the
units of time are approximately 4 · 10−25 seconds. Looking at figure 2.1, the particle number expectation
value is close to saturation after about 5-10 units of mt, putting the typical timescale for the vacuum decay
for dilatons in the order of 10−24 seconds, or ∼ 1 fm/c, a typical timescale for QCD processes.
In figure 2.3 the vacuum survival probabilities are compared with an exponential approximation of the form
zi + (1 − zi) exp{−Γt}, where zi is the saturation value found by taking the exponent of (2.4.2), the index
i = 1, 2 denotes which shape of the source i.e. (2.4.10) or (2.4.11) it belongs to. We have also taken Γ ∼ m

and g = 1, but scaling to g ̸= 1 is done simply by taking the probability to the power of g2. The choice Γ = m

is arbitrary and is chosen just for illustrative purposes in order to show that an exponential does not lead to a
good description of the actual survival probability. The only regime where the exponential approximation is
close is at large times when the fluctuations around the saturation value are too small. A better description
of the theoretical curve could be obtained by a modified exponential fit where the saturation is implemented
on the level of the probability amplitude ai→f (t). If we instead take

ai→f (t) = z + (1− z)eiαt+
Γ
2 t, (2.4.12)

and take the modulus squared, we find a probability with oscillations just like the full expression. In figure
2.4 the survival probability in the presence of a flat source is compared with a modified exponential fit. The
frequency of the oscillations is not quite accurate but otherwise it provides a much better description than a



CHAPTER 2. THE SCALAR GLUEBALL WITH A TIME INDEPENDENT CLASSICAL SOURCE 25

Flat source

Gaussian source
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Figure 2.1: Expectation value for the number of particles produced for the different sources as a function of
time. The parameters g and m are absorbed in the expectation value and time units respectively, and we
use L = 1 (in 1/m units). The grey lines are the infinite time asymptotes found by setting the oscillatory
term to 0.

simple exponential. Similar oscillations, but not decays also occur in cases of mixing of bosonic fields [61, 62],
which in turn might be relevant for neutrino oscillations [63].

2.4.3 Large volume limit

The limit in which the size of the classical source is much larger than the scales probed by the system is of
course a simplification which is however interesting for practical purposes, and becomes more accurate the
larger the particle’s mass m becomes. In our system, this large volume limit can be explicitly computed for
both sources. Starting with the Gaussian shaped source, the particle number expectation value per volume
element L3 is found using (2.4.1):

1

L3
N0(t) = 2

∫
d3p

(2π)3
(1− cos(Ept))

g2

(p2 +m2)3/2
m6L3 e−

p2L2

2π . (2.4.13)

Clearly particle density becomes a better observable than the particle number since it would just diverge
together with the volume. For taking the large volume limit, that is L → ∞, we will want to identify
representations of the Dirac delta function. For the Gaussian source, the relevant representation of the Dirac
delta is

δ(x) = lim
ϵ→0+

e−x
2/4ϵ

2
√
πϵ

(2.4.14)
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Full expression

exp - t2

τz
2
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Figure 2.2: Vacuum survival probability with a Gaussian source, compared with the small time behaviour
found in (2.4.5). The parameter m is absorbed in the time units, and g = 1 and L = 1 are used.
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Gaussian source

Flat source
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Figure 2.3: Vacuum survival probability with both sources with a longer timescale, compared with a expo-
nential decay which saturates to a non-zero value at infinity. The parameter m is absorbed in the time units,
and we set L = 1 in units of 1/m, and g = 1. The grey lines indicate the asymptotic values for the survival
probability for the two different sources.
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Modified fit

Full expression (flat source)
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Figure 2.4: Vacuum survival probability with a constant source, compared with a fit using a modified
exponential probability amplitude (2.4.12). The parameter m is absorbed in the time units, and g = 1 and
L = 1 are used.
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Renaming L2

2π = 1
4ϵ on the RHS of (2.4.13) this form of the Dirac deltas will be more easily identifiable:

1

L3
N0(t) = 2

∫
d3p

(2π)3
(1− cos(Ept))

g2m6

(p2 +m2)3/2
π3

√
8

(
e−p

2
x/4ϵ

2
√
πϵ

)(
e−p

2
y/4ϵ

2
√
πϵ

)(
e−p

2
z/4ϵ

2
√
πϵ

)
. (2.4.15)

When we take the large volume limit L→ ∞ which implies ϵ→ 0+ the last 3 factors approach delta functions
of the components of p. Evaluating the momentum integral with these delta functions gives

1

L3
N0(t) =

g2√
2
m3(1− cos(mt)). (2.4.16)

Similarly, in the computation for the square source we will need the following representation of the Dirac
delta:

δ(x) = lim
L→∞

sin2(Lx)

πLx2
(2.4.17)

Using the weighted Fourier transform of the flat source (2.4.11) in the expectation value (2.4.1) gives

1

L3
N0(t) = 2

∫
d3p

(2π)3
(1− cos(Ept))

g2

(p2 +m2)3/2
64m6

L3

[
sin2(Lpx/2)

p2x

] [
sin2(Lpy/2)

p2y

] [
sin2(Lpz/2)

p2z

]
.

(2.4.18)

Once again, we bring it into the form where Dirac deltas are easily identifiable:

1

L3
N0(t) = 2

∫
d3p

(2π)3
(1− cos(Ept))

g2m6

(p2 +m2)3/2
π3

[
sin2(Lpx/2)

πL(px/2)2

] [
sin2(Lpy/2)

πL(py/2)2

] [
sin2(Lpz/2)

πL(pz/2)2

]
(2.4.19)

In the limit L→ ∞ the sinc squared functions become delta functions of the components of p/2, which gives
8 times the delta function of p and we find

1

L3
N0(t) = 2g2m3(1− cos(mt)). (2.4.20)

Taking this limit does not commute with taking the t → ∞ limit, as here the oscillation does not die down
anymore since the integral is already evaluated. Taking the infinite time limit before the volume limit, the
oscillatory term vanishes while leaving the rest of the derivation entirely the same. Then the large volume
and infinite time limit is

lim
L→∞

lim
t→∞

1

L3
N0(t) = 2g2m3 (flat source),

lim
L→∞

lim
t→∞

1

L3
N0(t) =

g2√
2
m3 (Gaussian source).

(2.4.21)

Most of this result could have been guessed only using dimensional analysis, since both sides have dimension
mass3, and m is the only dimensionful parameter left after taking the L → ∞ and t → ∞ limits. The
dependence on g simply stays as g2. Curiously though, the prefactor depends on the shape of the source and
on how its volume is defined. In this sense the flat source gives the same result using the informal statement
‘δ3(0) → (2π)3V ’, but for the Gaussian source it does not.
These results are qualitatively different from the Schwinger mechanism, where the particle production rate
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is constant, so the number of particles is linear in time and diverges for t→ ∞. This divergence is of course
unphysical. In this simpler theory we can calculate the full result exactly up to all orders, which tells us that
the particle production rate goes to zero, making it unnecessary to turn the source off. Since the derivation
of subsection 2.3 was valid even for time dependent sources, the source can of course be turned off, even in
a non-adiabatic way.

2.5 Comparison to literature

The quantum field theory of a real scalar field coupled to a classical external source is one of the simplest
interacting QFTs one can write down. Unsurprisingly, It has been studied in the past and it has been
mentioned or discussed in textbooks as an example of calculations in QFT, see e.g. [19, 20, 21, 22]. For a
time dependent source ρ(t,x) which is Fourier transformable in spacetime, it is commonly accepted that the
dynamics can be nontrivial. The case of a time independent source is then treated as a limit of the time
dependent case. Specifically, the time independent classical source is multiplied by an adiabatic function of
time that switches off the interaction in the distant past and future. In the limit where the interaction persists
for infinite amount of time, the scattering matrix is found to be essentially the identity matrix. This is usually
assumed to imply an equivalence between the interacting system (without the adiabatic function) and a free
quantum field theory and so there is no scattering. Since some of the intuitive statements commonly used are
incomplete, and it is easy to miss some fundamental conceptual steps looking just at the scattering matrix,
we will go into a more detailed discussion.
In this subsection we will take a closer look at the reasons why the results of this chapter, where we found
nontrivial scattering amplitudes, contradict the results found in the literature. We will refer in particular
to the analysis in the seminal lectures on QFT by Coleman [20], since the treatment is rather extensive
and it inspired some of the other books on QFT, such as [22], especially on the triviality of scattering on a
time independent source. The starting point is the exact solution for the case of a time dependent source,
obtained by resumming all the terms of the Dyson series [20]. Written in the notation of this chapter, the
scattering matrix reads

S = UI(∞,−∞) =: exp

{
−g

2

2

∫
d4x

∫
d4y ρ(x)ρ(y)∆F (x− y)

−ig
∫
d4x

∫
d3p

(2π)3
√

2Ep

[
ρ(x)e−ip·x ap + ρ(x)eip·x a†p

]}
: .

(2.5.1)

This formula makes sense for a fast decreasing (and hence Fourier transformable in spacetime) classical
source ρ(x). In particular the field is asymptotically free in the far past and far future (□ +m2)ϕ → 0 as
t → ±∞ by the assumption that the source decreases fast enough in both space and time. Making use of
the momentum integrated form of the Feynman propagator

∆F (x− y) =

∫
d3p

(2π)32Ep

[
θ(x0 − y0)e−ip·(x−y) + θ(y0 − x0)eip·(x−y)

]
, (2.5.2)

it can be shown that the first term in the right hand side of (2.5.1) is t⟨0|0⟩t0 in the t → ∞ and t0 → −∞
limit. This uses a generalized form of the function f(t,p) which reduces to (2.2.8) for t0 → 0 and a time
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independent source:

f(t, t0, p) = i g

∫ t

t0

dy0
∫
d3y

ρ(y)√
2Ep

eip·y. (2.5.3)

With this, the relations between the | · · · ⟩t and | · · · ⟩ bases can be generalized to the | · · · ⟩t and | · · · ⟩t0 bases
using the same arguments, using propagators U(t, t0) instead of U(t, 0). The second term which involves the
creation operator reads

exp

{
−
∫

d3p

(2π)3
f(∞,−∞;p) a†p

}
, (2.5.4)

and the term with the annihilation operator is its Hermitian conjugate:

exp

{
−
∫

d3p

(2π)3
f∗(∞,−∞;p) ap

}
. (2.5.5)

Because of the normal ordered product the two terms factorizes into the two exponentials separately, with
the creation term on the left and the annihilation one on the right, since within normal ordered products
the creation and annihilation operators commute. The matrix elements of the S matrix (2.5.1) can also be
written down as the limit

⟨p1, · · · ,pn|S|q1, · · · ,qm⟩ = lim
t−→−∞

[
lim

t+→∞

(
t+⟨p1, · · · ,pn|q1, · · · ,qm⟩t−

)]
. (2.5.6)

This is essentially (2.3.6) but generalized to a time dependent source and infinite time limits. In the usual
approach it is then assumed that the scattering matrix for the time independent case follows from the time
dependent one (2.5.1) in a certain limit. Since the expression in (2.5.1) requires a classical source which is also
Fourier transformable in time, and not only in space, one considers the particular case of ρ(t,x) = s(t)ρ(x).
The (smooth) adiabatic function s(t) has the following properties:

0 ≤ s(t) ≤ 1, s(t) = 1 ∀|t| < T

2
, lim

t→±∞
s(t)tn = 0 ∀n ∈ Z+. (2.5.7)

This adiabatic function effectively switches the interaction on in the distant past and off again in the far
future, done in a Fourier transformable way while keeping the interaction in the bulk t ∈ {−T/2, T/2} the
same as the required time independent one. After this, over a time ∆ ≥ 0, the function adiabatically goes
to zero. The intuitive idea is that in the limit of T → ∞ one recovers the full time-independent theory, and
the limit ∆ → ∞ makes the transition adiabatic. This procedure works well in other cases, but not for this
theory, despite the fact that for a sudden (non-adiabatic) switch s(t) = θ(t+T/2)θ(T/2− t) equation (2.5.6)
is fulfilled in the T → ∞ limit5. The conditions in (2.5.7) should be supplemented to fully describe the
adiabatic function, as already mentioned in the lectures [20]. In order to recover the correct imaginary part
of the function in (2.5.1) in the T → ∞ limit, it is necessary to add the conditions

s(t) = 0 ∀|t| ≥ T/2 + ∆, lim
T→∞

∆

T
= 0 . (2.5.8)

The last condition also fits in the intuitive picture: the transition time during which the source changes
from ρ(x) to 0 should be subleading compared to the time it is constant. With these conditions the Fourier

5Technically, both in the left hand side and in the right hand side there is an undefined phase that diverges. It can be treated
by adding a constant counterterm in the Lagrangian (not the Lagrangian density) to offset the minimum of the Hamiltonian
and have a well-defined phase. This same treatment has been done in [20] to cure the ill-defined the phase in “model II”.
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transform of the adiabatic function fulfills the following relations∫
dt e±iEts(t)

T→∞−−−−→ (2π) δ(E),
1

T

∣∣∣∣∫ dt e±iEts(t)

∣∣∣∣2 T→∞−−−−→ (2π) δ(E). (2.5.9)

The conditions (2.5.8) are not really necessary for the first limit, any adiabatic function would suffice.
However from a direct calculation6 it follows they are needed for the second limit.
At this point, the lectures [20] use an intuitive but ultimately misleading argument to dismiss the operator
parts (2.5.4) and (2.5.5) of the S matrix. For a source ρ factorized into a time independent part and an
adiabatic function, the function f (2.5.3) is given by

f(∞,−∞,p) =

∫
dt eiEpt s(t)

[
i

g√
2Ep

∫
d3x ρ(x) e−ip·x

]
, (2.5.10)

the t integral of which approaches a Dirac delta δ(Ep) for T → ∞ as per the first equation in (2.5.9). It
is then assumed that the operators (2.5.4), (2.5.5) go to zero in this limit, since the Dirac Delta is zero
except for when Ep = 0, which is never the case for a massive field. This argument would be valid if a†p
were a test function rather than an operator. For operators, the convergence properties in the space of
generalized functions or distributions are not guaranteed to apply. In the lectures [20] an incorrect argument
is presented to argue that the integral of the adiabatic function is going to be vanishing for on-shell energies.
It is based on the common misconception that, since some successions of functions converging to a Dirac
delta are sharply peaked in 0 and point wise converging to 0 outside of the origin, for instance a succession
of Gaussian functions with a decreasing width σ → 0, this must happen for any succession. This is not the
case for all delta families, take for example the family

δε(x) =

√
2

π

1

ε
sin

(
x2

ε2

)
ε→0−−−→ δ(x), (2.5.11)

which is converging to a Dirac delta7. For every ε > 0, all the functions are vanishing in x = 0, the (for
ε → 0 infinite) peaks and valleys are just less dense around x = 0. For any x ̸= 0 the ε → 0 limit of δε(x)
does not converge as a function. We have essentially the same situation if we directly try to take the t→ ∞
limit of f(t,p) as discussed in 2.2. Adjusting the times from 0 and t to −T/2 and T/2 in subsection 2.3, we
get the same formulas as in the sudden limit s(t) ∼ θ(t+ T/2)θ(t− T/2), namely f goes to

2 sin
(
EpT
2

)
Ep

T→∞−−−−→ (2π)δ(Ep). (2.5.12)

It still converges, distribution-wise, to a Dirac delta, it has a peak ∝ T in 0. But like the example, the
functions for an on-shell energy Ep > 0 do not converge in the T → ∞ limit. The functions keep bouncing
periodically between the extremes ±2/Ep. The oscillations become more and more rapid in the T → ∞ limit,

6The function s must be suppressed strongly enough for |t| > T/2 to be able to use minorants of the modulus square outside
of t ∈ {−T/2, T/2} to show that they do not contribute. The rest of the proof consists just of the properties of the delta
function representations [sin(x/ϵ)]/(πx)

ϵ→0−−−→ δ(x) and ϵ[sin2(x/ϵ)]/(πx)
ϵ→0−−−→ δ(x).

7Any function g(x) normalized to 1 =
∫
dx g(x), that does not spoil the uniform convergence of the integral∫

dy g(y)ϕ(yε)
ε→0−−−→

∫
dy g(y)ϕ(0) = ϕ(0) with the test functions ϕ(y), produces a family of nascent delta functions

1/ε g(x/ε)
ε→0−−−→ δ(x). Namely, their action converges to the action of a Dirac delta:

∫
dx/ε g(x/ε)ϕ(x) =

∫
dy g(y)ϕ(yε)

ε→0−−−→
ϕ(0) for any test function ϕ(x).
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and do not grant any convergence, certainly not to 0. The Riemann-Lebesgue lemma we have previously used
for the limit of N0(t) does not help us here as it works for functions, not operators. The correct procedure
is to apply the operators to a physical states, pick the partial waves amplitude (which might not be defined
in the T → ∞ limit), compute the expectation values of the observable operators and take the large time
limit of these physical observables, if they are well defined in the large time limit. The fact that when using
the scattering matrix in the sudden limit, one obtains the same amplitudes and (limits of) probabilities as
in subsection 2.3 should not be interpreted as proof that the sudden switch is the “correct way to insert the
interaction for a finite time”. In fact, as we will argue at the end of this subsection, there is no correct way to
switch off the interaction asymptotically to recover the full results of the theory, not even when restricting
to the long time limit behavior. The analysis of the sudden switch is to point out that if the adiabatic
function s(t) fulfilling (2.5.7) and (2.5.8) converges to a sudden switch (the precise meaning will be apparent
later) the result of a trivial scattering matrix as in [20] cannot be recovered. In order to recover the trivial
scattering, one has to add additional conditions to the existing ones:

∆
T→∞−−−−→ ∞, sup |∂ts(t)| ≤

M

∆
, ∀T > T̄ > 0 . (2.5.13)

That is, the modulus of the derivative of the (smooth) adiabatic function |ṡ| must be smaller than a maximum
that decreases at least linearly with ∆ in the limit T → ∞. This bound is allowed to be violated at finite
times as we require it only in the large T limit. By intergrating by parts we can rewrite the integral as∫

dt s(t) eiEpt =
i

Ep

∫
dt ∂ts(t) e

iEpt . (2.5.14)

The derivation by parts can be done because of the smoothness of s and the positivity of the on-shell energy
Ep ≥ m > 0. The time derivative of the adiabatic function is nonzero only during the "transition" period
of length ∆, that is for the intervals t ∈ (−T/2−∆,−T/2) and t ∈ (T/2, T/2+∆). It is convenient then to
define the functions s± in terms of a dimensionless variable λ

s±(λ) = s
(
±λ∆± T+∆

2

)
, λ ∈ (− 1

2 ,
1
2 ). (2.5.15)

The integral (2.5.14) can then be rewritten in two parts containing s±

i

Ep
exp

{
−iEp

(
T +∆

2

)}∫
dλ s′−(λ) e

−i(Ep∆)λ − i

Ep
exp

{
iEp

(
T +∆

2

)}∫
dλ s′+(λ) e

i(Ep∆)λ,

(2.5.16)
with s′± = ∂λs±. The condition (2.5.13) then implies |s′±| ≤ M in the large T limit. From this it follows
that both the s′− and the s′− integrals vanish in the large-T (hence large ∆) limit8. The simplest case would
be if s−(λ) = s+(−λ) independent of T in the first place, then the highly oscillatory integrals vanish as a
consequence of the Riemann-Lebesgue lemma. It can be seen also that, removing the bound requirement on
gradient s′±, one could have a family of functions converging to a Dirac delta9 δ(λ), substantially recovering
the results of the sudden limit. Of course other outcomes are possible for adiabatic functions with unbounded

8This can be proven for instance by using the fact that any Fourier transform f̃(ξ) =
∫
dx eixξf(x) can be written as

f̃(ξ) =
∫
dx eixξ[f(x) − f(x + π/ξ)]/2, and using the absolute convergence of the integral, the continuity and bound of s′± at

any T > T̄ to prove that a large enough T can always be found such that the integral is arbitrarily small, regardless of the
specific function s±. Hence, it vanishes in the large T limit.

9Any delta family δε(λ) can be used as a start. To get the function s it should be multiplied by a smooth drop to the border,

such as e−4λ2/(1−4λ2) and properly normalized to 1 for all ε. As long as ε∆
T→∞−−−−→ 0 the integrals in s′± converge to just 1.
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derivatives in the T → ∞ limit.
The smoothness of the adiabatic function can be relaxed to just continuity and smoothness except in a finite
(constant) number of points, for instance {−∆−T/2,−T/2, T/2,∆+ T/2}. One has just to be careful with
the integration by parts and the derivatives of s. On the other hand all the conditions in (2.5.7), (2.5.8)
and (2.5.13) are crucial.
It is then possible to force the system to have a trivial scattering matrix10 even if the full interaction is on
for a long time. However it is not the general case for any function with (pointwise) convergence s(t) → 1.
Requiring long permanence of the interaction does not lead to a unique limit. Instead, the behavior in the
distant past and far future – the way in which the function s goes from 1 to 0, e.g. with a derivative bounded
by (2.5.13), some other bound or no bound at all – drastically changes the final outcome. Consequently, we
conclude that none of these limits in particular is supposed to reproduce all aspects of the full theory.
It is possible to rework the arguments presented in this subsection11 to prove the analogue of the Adiabatic
theorem

U(t,−T
2 −∆)|p1, · · · ,pn⟩ ∼ exp

−i

E0 +

n∑
j=1

Epj

(t+ T

2
+ ∆

) |p1, · · · ,pn⟩Ω (2.5.17)

The states |p1, · · · ,pn⟩Ω build the basis of energy eigenstates, made from the lowest energy vacuum state
|Ω⟩ acted on by operators b†p = a†p + h∗(p). The ∼ instead of an equality represents two facts: the first one
is that it is valid in the large T limit and only if all the requirements (2.5.7), (2.5.8) and (2.5.13) are fulfilled.
The second is that there is an additional phase so that the effective time for the E0 coefficient different than
the one for the Epj

’s ∆teff ̸= ∆t = t + T/2 + ∆. However, in the large T limit, the phase is asymptotic to
the correct phase ∆teff/(t+ T/2 + ∆) → 1.
On the other hand in the sudden case s(t) = θ(T/2 + ∆+ t)θ(T/2 + ∆− t) one has

⟨q1, · · · ,qm|US(t,−T
2 −∆)|p1, · · · ,pn⟩

= exp

−i

 n∑
j=1

Epj

∆t

∆t⟨q1, · · · ,qm|p1, · · · ,pn⟩, t ∈ [−T
2 −∆, T2 +∆],

(2.5.18)

where we call the time evolution operator US in this case to distinguish it from the previous case. This result
is rather obvious since the system is the exact one for t ∈ (−T

2 −∆, T2 +∆), hence we get the same results
of subsection 2.3 as long as t remains in its bound. For initial conditions or final t outside of the bound, i.e.
t0 < −T/2−∆ or t > T/2+∆ the phases keep evolving but the ∆t in the t dependent basis is constant and
the results become different from the exact ones.
The difference between the adiabatic and sudden cases stems from the fact that

∆t⟨q1, · · · ,qm|p1, · · · ,pn⟩ ≠ e−iE0∆t⟨q1, · · · ,qm|p1, · · · ,pn⟩Ω . (2.5.19)
10Besides a diverging phase that can be removed with a counterterm in the Lagrangian as discussed in [20].
11The calculations in the lectures [20] regarding “Model I” and “Model II” are essentially a way to resum the Dyson series. At

no point is there a switch to momentum space, and all the calculations can be repeated without much effort when integrating
time in a compact domain, rather than the full real axis. In this way one obtains the UI(t,−T/2 −∆). The formulas are the
same as the ones presented at the beginning of this subsection, except that the time integral has an upper bound in t, instead
of at the end of the support of the adiabatic function s.
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This can be seen clearly by explicitly working out these bases by exactly solving, but when only looking at
the Dyson series for the UI this is more obscured. Namely, for free fields (and interaction picture fields)
there is no difference between the particle number/momentum basis |p1, · · · ,pn⟩ at different times and the
basis of the energy excitations |p1, · · · ,pn⟩Ω. They are all the same basis since energy is essentially given
by the momentum. This is related to the fact that the regular basis of in and out states (usually assumed
to exist, rather than proved) simply does not exist for a time independent classical source12. This is mostly
due to the fact that the state corresponding to the minimum of the Hamiltonian |Ω⟩ is not a momentum
eigenstate. This difference between these bases is crucial from the physical point of view. In the full theory,
the initial and final states can be written in any basis, even different ones for the initial and final states. The
matrix elements of U with respect to the regular |p1, · · · ,pn⟩ basis are enough to write the matrix elements
in all bases, using the ordinary rules for changing basis. If one artificially switches off the interaction in
the far past and future it is not possible to distinguish, eg, if the initial or final conditions were given in
the energy basis or in the particle momentum one, as they are the same. Which way we have to insert the
interaction for a long time depends on in which basis the initial and final states are given. For instance, if
the initial and final condition are given in the energy eigenstate basis one should use the proper adiabatic
case. Because of (2.5.17) this approach smoothly connects the free states to the energy eigenstates, then
back to the corresponding free states in the far future. Seen from this perspective it is obvious that the
scattering is trivial. The initial and final conditions are in energy eigenbasis where the only time evolution
is a phase. The nontrivial part of this evolution is that the spectrum of the full Hamiltonian is the same
as the free Hamiltonian up to an offset, and has no additional degeneracy. This can only be proven with
the full exact solutions, as done in this chapter, and cannot be obtained only from the Dyson series. On
the other hand, if the initial states are given in terms of momentum (and particle number) eigenstates, the
proper switch is a sudden one. The former sends free states to energy eigenstates (which have an undefined
particle number), while the latter keeps the momentum and particle number eigenstates (which are not
energy eigenstates). Other bases are of course possible, but these are the most physically relevant ones for
us. It might also be possible that for some, more complicated, basis there is not any corresponding way to
switch off the interaction at asymptotically large times. In any case, there is no universal "correct" way to
keep the interaction for a finite, but arbitrarily large time.

2.6 Conclusion

In this chapter we have studied the theory of a scalar field interacting with an external classical source,
motivated by the scalar fields that arise with space dependent nonzero expectation value due to a medium.
We show that an external classical source causes the particle vacuum to be unstable, and its decay into
n particles is given by a Poisson distribution, which is well-defined whenever the source has a Fourier
transform. The vacuum decay plays an important role because the full dynamics can be reduced to an
absorption probability amplitude of the initial particles and an interference pattern between the remaining
particles and the ones produced by the vacuum. The time dependence of the vacuum survival probability
has a complicated behavior; it oscillates and exhibits a quadratic time scaling at short times that gives rise
to the quantum Zeno effect. The oscillation of the survival probability dies out at large times, and it tends
to a constant greater than zero, at odds with standard particle decay. In the large volume limit the particle
number density saturates, and the particle production never displays a constant rate, in contrast with the

12In general, it will also not exist for time- dependent sources that are not Fourier transformable in time.
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Schwinger mechanism. In addition, the precise shape of the source and its tails, and not just its overall
volume, is relevant for the particle production even in the large volume limit.
Aside from phenomenological applications, the exact calculations of this simple model also points to some
implications for formal theory. First off, we see a concrete example how an interaction can make it so the
Hamiltonian and momentum operator no longer share a basis of eigenstates, and how this is an obstacle
in using the conventional formalism of in- and out states. The intuitive procedure of approaching a time
independent interaction by a time dependent one which is constant for a very long time and adiabatically
switched off at infinity leads to the wrong conclusions. Whichever way the interaction is turned off, the
difference between the particle number and energy eigenstates (and vacua) is spoiled and the full dynamics
of the theory cannot be recovered. The way to resolve this is to only take the infinite time limit after time
dependent inner products and expectation values are taken. The techniques involving t states used in this
chapter to calculate the scattering amplitudes can potentially be used in other theories as well, since they
are based on finding solutions to the equations of motion which can be done perturbatively. Secondly, in the
large volume limit of the source, we noticed the shape still influences the final result by a different numerical
prefactor. This implies that in calculations where the shape is not properly defined or a shorthand argument
such as "δ(0) = V " (modulo factors 2π) is used, there might be some ambiguity in this prefactor of the
result.
In high energy experiments, a possible use of this specific model would be to simulate (a part of) the dilaton
production out of a medium approximated by a time independent classical source. The assumption would be
that the dilaton condensate is well approximated as behaving classically. The effect due to the vacuum decay
is fully nonperturbative and could give a relevant contribution to dilaton production, where perturbative
production mechanisms are suppressed. The produced dilatons (i.e. predominantly scalar glueballs) then
decay and produce mesons that are measured, a similar process as discussed in [64].
In low energy experiments, the Schwinger mechanism and Zeno effect are more easily accessible, e.g. [65] for
the Schwinger mechanism and [55, 56] for the Zeno effect. Therefore this model or an extension of it could
work as a description of those phenomena at low energies.
Generalizations of the main results of this paper to higher spin and/or charged particles could be interesting
and potentially prove useful in modeling production of particles other than the dilaton, but it remains a
question if the same techniques can be used.
Finally, as an exactly solvable theory it can be a useful tool as a test for certain methods, for example if any
of the vacuum decay or Zeno effect can be seen on the lattice, or on the accuracy of large N approximations
described in e.g. [66].



Chapter 3

The extended Linear Sigma Model

In this chapter we will introduce the extended Linear Sigma Model (eLSM) which will be the basis of the
following chapters. The presentation is roughly based on the lecture notes in [67] and the review in [68],
which also reviews modern applications of the eLSM. The eLSM is an effective model of QCD directly using
the hadronic degrees of freedom rather than quarks and gluons. The first Linear Sigma Model was written
down in [69]. A great number of effective field theories can be written down, so we need a procedure to make
sure it describes the important features of QCD. The use of symmetries turns out to be a powerful tool. In
chapter 1.1 we reviewed the (broken) symmetries of QCD, which the eLSM will have to mimic.

3.1 Dilatation invariance and the Dilaton Lagrangian

We will start with examining how to implement the breaking of dilatation invariance. Since the main reason
for this breaking was quantum fluctuations by gluons, we should introduce an effective field for the collective
gluons:

G4 ∼ Gµνa Gaµν . (3.1.1)

A general Lagrangian without higher momentum terms for this field will be

LG =
1

2
(∂µG)

2 − Vdil(G), (3.1.2)

with Vdil(G) being the dilaton potential, which has to be responsible for breaking dilatation invariance. As
in chapter 1.1, the divergence of the Noether current is the trace of the stress tensor:

∂µJ
µ
dil = Tµµ = 4Vdil(G)− (∂µG)

2 = 4Vdil(G)−G
∂Vdil

∂G
, (3.1.3)

where for the last equality we have used the equations of motion, so it holds only on-shell. From this equation
one can clearly see that a mass term leads to a nonconserved current and therefore a breaking of dilatation
invariance, but a λ4G4 interaction (which has a dimensionless coupling) preserves dilatation invariance. To
mimic the breaking in the YM sector (1.1.11), the divergence should be proportional to G4:

∂µJ
µ
dil = 4Vdil(G)−G

∂Vdil

∂G
=

−λG
4

G4, (3.1.4)

37
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Figure 3.1: The shape of the dilaton potential with λG = 1 and ΛG = 2 in arbitrary units

where λG > 0 is a free positive parameter, such that the entire expression is negative (because the beta-
function in (1.1.11) is negative). The solution to this differential equation for Vdil is [5, 70, 71]

Vdil(G) =
λG
4

(
G4 ln

∣∣∣∣∣ GΛG
∣∣∣∣∣+ λ4G

4

)
, (3.1.5)

where ΛG is an energy scale, and λ4 is free since G4 is a solution to the homogeneous part. Choosing λ4 = −1
4

leads to the most natural normalization, with

Vdil(G) =
λG
4

(
G4 ln

∣∣∣∣∣ GΛG
∣∣∣∣∣− G4

4

)
. (3.1.6)

In Fig, 3.1 the shape of the dilaton potential is shown. It has a minimum at G = ΛG, which will be the
value of the G field condensate, and is supposed to mimic the gluon condensate. Expanding around this
minimum shows that excitations around the minimum have a mass m2

G = λGΛ
2
G. This is the scalar glueball,

also called the dilaton, the mass of which is predicted by lattice [72, 73, 74] to be in the range of 1.5-1.8
GeV. A study using functional methods put the mass at approximately 1.8 GeV [75]. QCD sum rules predict
the mass to be 1.3-1.7 GeV [76], and a holographic model also finds a scalar glueball at 1.5 GeV, although a
lighter, non-dilaton glueball was also found [77, 78]. The eLSM strongly favors the f0(1710) as the lightest
scalar glueball [79], but the recent discovery of a potential isovector partner of the f0(1710) [80, 81, 82] might
refute this in the future.
To get a numerical estimate on ΛG, we can compare it to the YM result. Rewriting it as

⟨Tµµ ⟩QCD =
β(g)

2g
⟨GaµνGµνa ⟩ = −11Nc − 2Nf

96π2
g2⟨GaµνGµνa ⟩ = −11Nc − 2Nf

24
⟨αs
π
GaµνG

µν
a ⟩ ≡ −11Nc − 2Nf

24
C4,

(3.1.7)



CHAPTER 3. THE EXTENDED LINEAR SIGMA MODEL 39

where C is the gluon condensate, and αs ≡ g2

4π is a common way to write the coupling. Calculations for YM
theory [83, 84, 85] find that C ranges from 0.3 to 0.6 GeV. Comparing this with the trace of the stress tensor
in the dilaton model

⟨Tµµ ⟩dil = − m2
G

4Λ2
G

⟨G4⟩ = −m
2
GΛ

2
G

4
, (3.1.8)

and setting them equal, we find

ΛG =

√
11Nc C4

6m2
G

≈ 0.1− 0.5GeV. (3.1.9)

This puts ΛG at the same order as ΛQCD, with a significant uncertainty. While quark masses also break
dilatation invariance, the eLSM does not include these for the symmetry breaking. Anomalous terms related
to instantons that break the axial anomaly also break dilatation invariance, and have been recently incor-
porated in the eLSM [86, 87]. Interactions of other fields with the dilaton will, after breaking of dilatation
invariance (and chiral symmetry), give rise to mass terms.

3.2 Spontaneous chiral symmetry breaking

We will first look at the simplified Nf = 1 eLSM, where only 1 scalar and 1 pseudoscalar meson, the sigma
and the "pion", exist. This "pion" is not cleanly related to the pions in the full Nf = 3 spectrum; it is a
(pseudo)Goldstone boson like the pions, but it is an isospin scalar like the η, while the pions make up an
isospin triplet. We will refer to this field as the pion, but one should keep this difference in mind. The sigma
and pion are combined in a chiral multiplet as Φ = σ + iπ which has a U(1) symmetry. The Lagrangian is

L =
1

2
∂µΦ

†∂µΦ− 1

2
m2

0Φ
†Φ− λ

4
(Φ†Φ)2, (3.2.1)

which expanded in the fields σ and π is

L =
1

2
∂µσ∂

µσ +
1

2
∂µπ∂

µπ − 1

2
m2

0(σ
2 + π2)− λ

4
(σ2 + π2)2 ≡ 1

2
∂µσ∂

µσ +
1

2
∂µπ∂

µπ − V (σ, π), (3.2.2)

with the potential

V (σ, π) =
1

2
m2

0(σ
2 + π2) +

λ

4
(σ2 + π2)2. (3.2.3)

Since it is a function of σ2 + π2 it is manifestly invariant under chiral U(1) transformations acting on Φ.
We necessarily have λ > 0 to have a lowest energy state. Just like in the Higgs mechanism, if m2

0 > 0, the
only minimum is at σ = π = 0 and is stable. Both particles have a mass of m0, and thus chiral symmetry
is unbroken. The more physically interesting scenario is a tachyonic mass m2

0 < 0, which results in V (0, 0)

becoming a local maximum, and new minima at

σ2 + π2 = −m
2
0

λ
≡ ϕN , (3.2.4)

with ϕN being the v.e.v. of the chiral condensate. This describes a circle of equivalent minima, see figure 3.2.
The massless direction along this circle is interpreted as the Goldstone boson. after choosing the minimum
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Figure 3.2: The shape of the potential given by (3.2.3), with m2
0 < 0

for example as(σm, πm) = (ϕN , 0) we can calculate the masses:

m2
π =

∂2V

∂2π

∣∣∣
min

= 0, (3.2.5)

m2
σ =

∂2V

∂2σ

∣∣∣
min

= −2m2
0 = 2λϕ2N . (3.2.6)

Experimentally, the pion has a mass of 135 MeV, while the sigma has a mass of at least 500 MeV, and
potentially up to 1350 MeV1. While we can model the mass difference like this, we are still missing the fact
that the pion is not completely massless. From the arguments in chapter 1, we know this is because of the
explicit breaking of chiral symmetry by the quark masses. With this in mind, we add a term that explicitly
breaks chiral symmetry:

V (σ, π) =
1

2
m2

0(σ
2 + π2) +

λ

4
(σ2 + π2)2 − hσ. (3.2.7)

This shifts ϕN to a different value, but more importantly the minimum (σmin, πmin) = (ϕN , 0) is now unique,
see figure 3.3. The masses are now

m2
π =

∂2V

∂2π

∣∣∣
min

= m2
0 + λϕ2N =

h

ϕN
(3.2.8)

m2
σ =

∂2V

∂2σ

∣∣∣
min

= m2
0 + 3λϕ2N = m2

π + 2λϕ2N . (3.2.9)

The mass difference stays the same so the σ mass is always larger than the pion mass. The chiral condensate
affects the masses and decay rates. When we expand around σ = ϕN , we get for example a term proportional
to λϕNπ2σ, which leads to a decay of the σ into 2 pions.
In (3.2.7), λ is dimensionless and h is related to nonzero quark masses, but we have not explained the origin
of m2

0. Aside from the quark masses, the only origin of a scale and hence dimensionful couplings is the trace
anomaly. Therefore m2

0 has to come from a coupling of the Φ and G fields. It can be implemented by the
1The identification of the σ meson is still not completely clear. It is commonly seen as either the f0(500) or f0(1370), see

[88].
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Figure 3.3: The shape of the potential (3.2.7) with explicit breaking term h > 0.

interaction term
−1

2
aG2Φ†Φ, (3.2.10)

which, after condensation G → G0 + G gives the mass term in (3.2.7) with m2
0 = aG2

0, and an interaction
term by which the scalar glueball can decay into mesons, for example into 2 pions. The complete Lagrangian
is then

LGΦ =
1

2
∂µΦ

†∂µΦ+
1

2
∂µG∂

µG− 1

2
aG2Φ†Φ− λ

4
(Φ†Φ)2 − Vdil(G). (3.2.11)

Since renormalizability is not necessary condition for an effective field theory, one might think to add higher
dimension interaction vertices. However, the reason why we cannot add higher dimension terms is because
the only mass scale comes from the condensation of G. An operator of dimension 5 or higher then has to be
compensated by powers of 1/G0, coming from powers of 1/G, which are singular in the origin.

The same procedure could also be done for fields with higher spin, as we will do further on with spin 2
mesons in chapter 4. In the full Nf = 3 eLSM masses and interactions arise by going through the same
mechanism, just with more fields.

3.3 The three-flavor Linear Sigma Model

3.3.1 Three-flavor meson nonets

Having seen the 1-flavor toy model above, we can now finish the construction by introducing the Nf = 3

eLSM. We will not repeat the chiral symmetry breaking mechanisms here, as they are analogous to the
simple case, but is important to establish the objects we are working with. The field Φ now gets upgraded
to a 3× 3 matrix of the (anti)quarks q̄i, qi, which follows transformations like the object

Φij ∼
√
2q̄j,Rqi,L, (3.3.1)

where we use the notation ∼ because Φ is not just a quark-antiquark current, but it should include non-
perturbative effects and dressing by gluons. It is useful to think of this current because it describes the
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constituent quarks of the matrix elements and it shows the chiral transformation rule, which for Φ is

Φ → ULΦU
†
R. (3.3.2)

One can write Φ as:

Φij ∼
√
2q̄j,Rqi,L =

√
2q̄jPLPLqi =

√
2q̄jPLqi =

1√
2
(q̄jqi + iq̄jiγ

5qi), (3.3.3)

where PL = 1
2 (1 − γ5) is the left-handed chiral projection operator. The two terms are the scalar and

pseudoscalar matrices:

Sij ∼
1√
2
q̄jqi, P ∼ 1√

2
q̄jiγ

5qi, (3.3.4)

and so
Φ = S + iP. (3.3.5)

Completing the analogy to the 1 flavor case where we had Φ = σ + iπ. We will now go over the content
of these matrices, in the strange-nonstrange basis. The pseudoscalar mesons P with JPC = 0−+ are the 3
pions, four kaons, the η(547) and the η′(958). The meson matrix (nonet) is given by

P =
1√
2


ηN+π0

√
2

π+ K+

π− ηN−π0

√
2

K0

K− K̄0 ηS

 , (3.3.6)

where the ηN and ηS are made up of nonstrange and strange quarks respectively:

ηN ∼ 1√
2
(ūiγ5u+ d̄iγ5d), ηS ∼ s̄iγ5s. (3.3.7)

These are interaction-eigenstates, not physical (mass) eigenstates. These are isospin scalars (isoscalars). The
physical fields are a mixture of these states:(

η

η′

)
=

(
cosβP sinβP

− sinβP cosβP

)(
ηN

ηS

)
, (3.3.8)

with a mixing angle βP = −43.4◦ [89]. The large mixing angle is a consequence of the UA(1) axial anomaly
[90, 12].
The scalar mesons (JPC = 0++) are the chiral partners of the pseudoscalars. The identification of the scalar
states is not yet clear, but the set {a0(1450), K∗0 (1430), f0(1370), f0(1500)/f0(1710)} is a good contender.
Since the masses of the scalars are close to the scalar glueball, there is a strong possibility that (a mixture
of) these states is a glueball [91, 79, 92, 93, 94, 95]. This would have to be taken into account on top of the
strange-nonstrange mixing. The scalar meson nonet is then written as

S =
1√
2


σN+a00√

2
a+0 K⋆+

0

a−0
σN−a00√

2
K⋆0

0

K⋆−
0 K̄⋆0

0 σS

 . (3.3.9)
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Next are the vector mesons with JPC = 1−−, their current involves Dirac matrices:

V µij ∼
1√
2
(q̄jγ

µqi). (3.3.10)

These are the states {ρ(770), K∗(892), ω(782), ϕ(1020)}. The matrix V µ has the form

V µ =
1√
2


ωµ

N+ρ0µ√
2

ρ+µ K∗+µ

ρ−µ
ωµ

N−ρ
0µ

√
2

K∗0µ

K∗−µ K̄∗0µ ωµS

 , (3.3.11)

where the mixing of the non-strange and strange states ωN and ωS is similar to the pseudoscalar case:(
ω(782)

ϕ(1020)

)
=

(
cosβV sinβV

− sinβV cosβV

)(
ωN

ωS

)
, (3.3.12)

where the small vector mixing angle βV = −3.9◦ is [2]. In contrast to the pseudoscalar sector, this mixing
angle is small, so ω is predominantly nonstrange while ϕ is predominantly of strange quarks. The chiral
partners of the vector mesons are the JPC = 1++ axial vector mesons, desscribed by the current

Aµ1,ij ∼
1√
2
q̄jγ

5γµqi (3.3.13)

Aµ1 =
1√
2


fµ
1,N+a0µ1√

2
a+µ1 K+µ

1A

a−µ1

fµ
1,N−a

0µ
1√

2
K0µ

1A

K−µ1A K̄0µ
1A fµ1,S

 . (3.3.14)

The isoscalar sector again has a mixing:(
f1(1285)

f1(1420)

)
=

(
cosβA1

sinβA1

− sinβA1
cosβA1

)(
fµ1,N
fµ1,S

)
, (3.3.15)

where the unknown mixing angle βA1
is expected to be small because of the homochiral nature of the

multiplet [86], see also Ref. [96]. We will take this unknown angle to be zero in this thesis. The kaonic axial
vector mesons are not eigenstates of C, the axial vector state K1,A with JPC = 1++ mixes with the K1,B ,
which belongs to the JPC = 1+− pseudovector nonet [97]:(

K1(1270)

K1(1400)

)µ
=

(
cosφK −i sinφK

−i sinφK cosφK

)(
K1,A

K1,B

)µ
. (3.3.16)

The numerical value φK = (56.4± 4.3)
◦ [96, 97] is large, but not quite near perfect mixing. So we can say

K1(1270) is predominantly K1,B and K1(1400) is predominantly K1,A. Being chiral partners, the vectors
and axial vectors combine to make

Rµ = V µ −Aµ1 , (3.3.17)

Lµ = V µ +Aµ1 , (3.3.18)
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which transform under chiral transformations as

Rµ → URR
µU†R, L

µ → ULL
µU†L. (3.3.19)

In this thesis we will not focus on the pseudovectors and their chiral partners, the excited vector mesons.
One can make similar nonets for them [98, 99], but as they are not relevant for the following chapters. we
will skip them.
The final two of interest are the two tensor (J = 2) meson nonets. The JPC = 2++ tensor states have the
current

Tµνij ∼ 1√
2
q̄j(iγ

µ∂µ + · · · )qi. (3.3.20)

They consist of thea2(1320), K∗2 (1430), f2(1270), f ′2(1525)}, and in nonet form are

Tµν =
1√
2


fµν
2,N+a0µν

2√
2

a+µν2 K∗+µν2

a−µν2

fµν
2,N−a

0µν
2√

2
K∗0µν2

K∗−µν2 K̄∗0µν2 fµν2,S

 . (3.3.21)

The physical isoscalar-tensor states are mixed as(
f2(1270)

f ′2(1525)

)
=

(
cosβT sinβT

− sinβT cosβT

)(
f2,N

f2,S

)
, (3.3.22)

where βT ≃ 5.7◦ is the mixing angle reported by the PDG [2]. In chapter 4 we will find the mixing angle βT
by fiting to data on decays. Even though these are a higher spin meson, they are fairly well known and well
studied, see e.g. [100, 101, 102].
The axial tensor mesons are the chiral partners of the tensor mesons, they have JPC = 2−− and currents

Aµν2 ∼ 1√
2
q̄j
(
γ5γµ∂ν + ...

)
qi. (3.3.23)

This nonet is quite poorly known. Only the kaonic states K2(1820) and K2(1770) have been measured.
Mixing is also expected but still unknown, the K2(1820) would be considered as predominately axial tensor
and the K2(1770) as primarily pseudotensor. The matrix for this nonet reads:

Aµν2 =
1√
2


ωµν

2,N+ρ0µν
2√

2
ρ+µν2 K+µν

2

ρ−µν2

ωµν
2,N−ρ

0µν
2√

2
K0µν

2

K−µν2 K̄0µν
2 ωµν2,S

 . (3.3.24)

The isoscalar mixing is expected to be small because of of the homochiral nature [86] of this nonet. This
means for the isoscalars:

ω2,N ≃ ω2, ω2,S ≃ ϕ2. (3.3.25)

Recent theoretical work devoted to the vacuum properties and thermal properties of these resonances, have
been done in [103, 104] and [105, 106] respectively. The tensor and axial tensor mesons combine in a similar
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way to the vectors and axial vectors to make a chiral multiplet:

Lµν = Tµν +Aµν2 , (3.3.26)

Rµν = Tµν −Aµν2 , (3.3.27)

and they have a similar transformation rule under chiral transformations:

Rµν → URR
µνU†R, L

µν → ULL
µνU†L. (3.3.28)

These, along with glueball states and charm-anticharm states, which will be simply itself times the unit
matrix in flavor space, effectively making them flavor blind, are all the relevant ingredients for making the
chiral Lagrangians that are used in the Linear Sigma Model and its extensions. The transformation rules
under parity, charge conjugation, and flavor transformations for all the relevant nonets for this thesis are
summarized in Table 3.1, and the transformations for the chiral multiplets under C,P and chiral transfor-
mations in Table 3.2. The chiral multiplets are used at first to build chirally invariant Lagrangians, which
are then expanded in the physical fields in order to relate to experiments. The next chapters will go over
the construction and use of these Lagrangians in more detail.

Nonet Parity (P ) Charge conjugation (C) Flavour (UV (3))

JPC = 0−+ = P −P (t,−x⃗) P t UPU†

JPC = 0++ = S S(t,−x⃗) St USU†

JPC = 1−− = V µ Vµ(t,−x⃗) −(V µ)t UV µU†

JPC = 1++ = Aµ1 −A1µ(t,−x⃗) (Aµ1 )
t UAµ1U

†

JPC = 2++ = Tµν Tµν(t,−x⃗) (Tµν)t UTµνU†

JPC = 2−− = Aµν2 −A2µν(t,−x⃗) −(Aµν2 )t UAµν2 U†

Table 3.1: Mesonic nonet transformations under P, C and UV (3).

Nonet Parity (P ) Charge conjugation (C) UR(3)× UL(3)

Φ(t, x⃗) Φ†(t,−x⃗) Φt(t, x⃗) ULΦU
†
R

Rµ(t, x⃗) Lµ(t,−x⃗) −(Lµ(t, x⃗))t URR
µU†R

Lµ(t, x⃗) Rµ(t,−x⃗) −(Rµ(t, x⃗))t ULL
µU†L

Rµν(t, x⃗) Lµν(t,−x⃗) (Lµν(t, x⃗))t URR
µνU†R

Lµν(t, x⃗) Rµν(t,−x⃗) (Rµν(t, x⃗))t ULL
µνU†L

Table 3.2: Transformations of the chiral multiplets under P, C, and UR(3)× UL(3).

3.3.2 The three-flavor Linear Sigma Model Lagrangian

With all the ingredients we have discussed previously we can construct the full Linear Sigma Model La-
grangian. In summary, it is based on

• Invariance under dilatation symmetry, with the only exceptions being the dilaton potential, terms due
to nonzero quark masses, and the U(1)A anomaly. The dilaton potential mimics the trace anomaly
and leads to a gluon condensate and a dimensionful quantity ΛG ∼ ΛQCD,
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• Global chiral symmetry and its spontaneous breaking, which leads to Goldstone bosons. While the trace
anomaly gives a dimensionful quantity on which all masses depend, the mass hierarchy is determined
by spontaneous chiral symmetry breaking.

• Chiral symmetry is also broken by the axial anomaly and explicitly by nonzero quark masses. These
are the only exceptions to Chiral invariance in the LSM Lagrangian.

• C,P, and T all being individually conserved

• Before taking the appropriate shifts caused by symmetry breaking, all interaction terms are of dimen-
sion 4. The exceptions are those terms which explicitly break dilatation invariance, i.e. those from
quark masses and the U(1)A axial anomaly.

From these considerations, the number of terms that can be written down is finite. The Linear Sigma Model
Lagrangian with (pseudo)scalar and (axial)vector mesons is given by [107]

L = Ldil +Tr[(DµΦ)
†(DµΦ)]−m2

0

(
G

G0

)2

Tr(Φ†Φ)− λ1[Tr(Φ
†Φ)]2 − λ2 Tr(Φ

†Φ)2

− 1

4
Tr(L2

µν +R2
µν) + Tr

[((
G

G0

)2
m2

1

2
+ ∆

)
(L2

µ +R2
µ)

]
+Tr[H(Φ + Φ†)]

+ c1(detΦ− detΦ†)2 + i
g2
2
(Tr{Lµν [Lµ, Lν ]}+Tr{Rµν [Rµ, Rν ]})

+
h1
2

Tr(Φ†Φ)Tr(L2
µ +R2

µ) + h2 Tr[|LµΦ|2 + |ΦRµ|2] + 2h3 Tr(LµΦR
µΦ†)

+ g3[Tr(LµLνL
µLν) + Tr(RµRνR

µRν)] + g4[Tr (LµL
µLνL

ν) + Tr (RµR
µRνR

ν)]

+ g5 Tr (LµL
µ) Tr (RνR

ν) + g6[Tr(LµL
µ) Tr(LνL

ν) + Tr(RµR
µ) Tr(RνR

ν)] , (3.3.29)

where Ldil is the dilaton Lagrangian, kinetic terms plus (3.1.6), the gi, ci, hi are dimensionless couplings,
the mi are masses (before spontaneous chiral symmetry breaking, normalized with factors G0 to make
dimensionless combinations), and

DµΦ ≡ ∂µΦ− ig1(L
µΦ− ΦRµ) ,

Lµν ≡ ∂µLν − ∂νLµ ,

Rµν ≡ ∂µRν − ∂νRµ .

The terms with ∆ and H are proportional to quark masses and as such break both dilatation and chiral
invariance. These matrices are given by

H =


h0N

2 0 0

0 h0N

2 0

0 0 h0S√
2

 , (3.3.30)

∆ =

 δN 0 0

0 δN 0

0 0 δS

 . (3.3.31)

These terms describe the effect of nonzero quark masses on the (pseudo)scalars and the (axial)vectors sectors.
They are related to quark masses by hN ∼ mu, hS ∼ ms, δN ∼ m2

u, δS ∼ m2
s. The u and d quark masses
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are taken to be equal, but the s quark mass is different (larger). Thus flavor symmetry is broken to isopsin,
which we will assume to be conserved in all strong interactions. Electromagnetic interactions which violate
isospin conservation can be implemented as well, as will be done later. The terms involving a determinant
are due to the axial anomaly, and break dilatation invariance as well.

We then go through the symmetry breaking mechanisms in the same way as described before, this has
the following consequences:
(i) The scalar-isoscalar fields of the model acquire nonzero v.e.v. The dilaton field G condenses to G0. Sim-
ilarly, qq̄ scalar-isoscalar fields develop a v.e.v. as a consequence of spontaneous chiral symmetry breaking,
which in simple terms is due to the Mexican hat form of the effective potential when m2

0 < 0. This gives the
following shifts:

G→ G+G0 , S → S +Φ0 with Φ0 :=
1√
2


ϕN√
2

0 0

0 ϕN√
2

0

0 0 ϕS

 . (3.3.32)

where the numerical values are reported in Table 3.3.
(ii) The axial vector matrix must be shifted because chiral symmetry breaking induces a mixing of scalar
and axial vector fields, which is proportional to the parameter g1 =

ma1

Zπfπ

√
1− 1

Z2
π
≃ 5.8 [107, 108]. This

operation amounts to:

A1µ → A1µ + ∂µP, P :=
1√
2


Zπwπ(ηN+π0)√

2
Zπwππ

+ ZKwKK
+

Zπwππ
− Zπwπ(ηN−π0)√

2
ZKwKK

0

ZKwKK
− ZKwKK̄

0 ZηSwηSηS

 . (3.3.33)

The constants are also given in Table 3.3. The matrix P contains the pseudoscalar fields, just as the matrix
P , but proper renormalization factors have been included. The shifts in Eqs. (3.3.32) and (3.3.33) will also
have to be applied to the higher spin Lagrangians studied the next in chapter.

Parameters Expressions Numerical values [107]
Zπ = ZηN

ma1√
m2

a1
−g21ϕ2

S

1.709

wπ = wηN
g1ϕN

m2
a1

0.683GeV−1

ZK
2mK1A√

4m2
K1A
−g21(ϕN+

√
2ϕS)2

1.604

wK
g1(ϕN+

√
2ϕS)

2m2
K1,A

0.611GeV−1

ZηS
mf1,S√

m2
f1,S
−2g21ϕ2

S

1.539

wηS

√
2g1ϕS

m2
f1,S

0.554GeV−1

ϕN Zπfπ 0.158GeV
ϕS

2ZKfK−ϕN√
2

0.138GeV

g1
ma1

Zπfπ

√
1− 1

Z2
π

5.8

Table 3.3: Numerical values of scalar and axial vector shift-related quantities.



Chapter 4

Spin 2 tensor mesons and axial tensor
mesons

4.1 Introduction

In table 1.1, the ground state (n = 1) mesons for different quantum numbers are listed in the non-relativistic
spectroscopic notation n2S+1LJ and also the relativistic notation JPC . Some of these meson nonets are very
well established [2], such as the JPC = 0−+ pseudoscalar mesons, the JPC = 1−− vector mesons and the
JPC = 1++ axial vector mesons. They are supported by other approaches such as a quark model [100] and
using the Bethe-Salpeter equation [109]. The scalar meson nonet is not completely established since there
are more discovered resonances than possible ground state quark-antiquark states, see [88, 110, 111, 112, 113,
114, 115, 81]. Unconventional mesons such as the scalar glueball will have to be identified to completely fix
this nonet. These four nonets have also all been studied in the eLSM [107, 79]. The pseudovectors and their
chiral partners, the orbitally excited vector mesons, are also reasonably well understood, with the exception
of a missing orbitally excited vector state ϕ(?), with an expected mass at about 1.9 GeV [116]. These nonets
have also been studied in the eLSM as decay products of the vector glueball [98]. Furthermore, in the eLSM
hybrid meson states have also been analyzed [99].
Next are the spin 2 mesons, the tensor (JPC = 2++), the axial tensor mesons (JPC = 2−−), and the
pseudotensor mesons (JPC = 2−+). There are still some open questions on the pseudotensor mesons, in
particular on their mixing behaviors, see e.g. [117, 118, 119], but we will focus on the other two spin 2
mesons, which are the chiral partners of one another. The tensor mesons are very well known, see e.g.
[102, 101, 111]. Meanwhile the axial tensor mesons, as can be seen from table 1.1, are very poorly known.
Only the kaonic K2(1820), with unknown mixing with K2(1770), is listed. The isovector member ρ2 and
the isotensor members ω2 and ϕ2 have not yet been discovered. Given that the eLSM has been used to
describe the other nonets, it is then a natural next step to extend the eLSM to the spin 2 sector, and the
eLSM is especially equipped to tackle this problem. Specifically, because the eLSM is based heavily on chiral
symmetry, the tensor and axial tensor mesons are treated equally. That is, with the same couplings and
interaction terms when written in the chiral multiplets discussed in the previous chapter. This lets us use
the phenomenological data on the tensor mesons to predict the behavior of the axial tensor mesons. We
fit to and postdict data on decays of tensor mesons, along with predicting radiative decay rates for the
tensors, and predict the masses and decay rates of the axial tensor mesons. We find that the tensor meson

48
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data is described well, meaning that the ground states states fit well in the conventional quark-antiquark
assignment. For the axial tensor mesons we find that their decay rates are quite large, and dominated by the
vector-pseudoscalar channel. The result that the axial tensor states are very broad could tie into the fact
they have not been observed yet. The results of this chapter can be tested at a number of experiments, such
as BESIII [120, 121], CLAS12 [122, 123], COMPASS [124], GlueX [125, 126, 127], as well as the planned
PANDA experiment [128].

4.2 The spin-2 extension of the eLSM

In chapter 3.3.1 we introduced the building blocks for Lagangians of the eLSM. The eLSM Lagrangian – not
yet involving spin 2 fields – built from these was of the form

LeLSM = Ldil + Tr
[(
DµΦ

)†(
DµΦ

)]
−m2

0

( G
G0

)2
Tr
[
Φ†Φ

]
− 1

4
Tr
[(
L2
µν +R2

µν

)]
+Tr

[(m2
vecG

2

2G2
0

+∆
)(
L2
µ +R2

µ

)]
+ · · · . (4.2.1)

Using the same procedure as in Chapter 3, we will construct chiral Lagrangians involving the spin 2 fields. We
will consider exact isospin symmetry, but isospin symmetry breaking – an unexpected level of which has been
recently confirmed by experiments [129, 130] – can be included in the eLSM, see [68] for an implementation.
The full interaction Lagrangian can be split up into four Lagrangian terms, leading to the mass terms of the
(axial) tensor mesons as well as the interactions and decays. The first one has the form

Lmass = Tr
[(m2

tenG
2

2G2
0

+∆ten
)(

L2
µν +R2

µν

)]
+
hten
1

2
Tr
[
Φ†Φ

]
Tr
[
LµνLµν +RµνRµν

]
(4.2.2)

+hten
2 Tr

[
Φ†LµνLµνΦ+ ΦRµνRµνΦ

†
]
+ 2hten

3 Tr
[
ΦRµνΦ†Lµν

]
.

Here, ∆ten = diag{δtenN , δtenN , δtenS } is a contribution from the bare/current quark masses just like the one in
(3.3.31), and the fields are those described in section 3.3.1. We can absorb the small light-quark contribution
into the term proportional to mten, essentially setting δtenN = 0. The value of δtenS is then obtained from
the mass relation δtenS = m2

K2
−m2

a2
≃ 0.3GeV2 using PDG [2] values for the masses of the tensor mesons.

The term proportional to ∆ten is the only one breaking dilatation invariance in this Lagrangian, as all other
terms have dimensionless coupling constants.
In the large Nc limit [131, 132, 133], where Nc is the number of colors of the SU(Nc) gauge group, the
coupling constants scale as

mten ∼ N0
c (4.2.3)

hten
1 ∼ N−3c (4.2.4)

hten
2 ∼ N−1c (4.2.5)

hten
3 ∼ N−1c (4.2.6)

G0 ∼ Nc. (4.2.7)

Consequently, the interaction with the coupling hten
1 is suppressed in the large Nc limit, and the dimension-

less coupling m2
ten/G

2
0 scales as N−2c . While we are in the physical Nc = 3 case, the large Nc limit is still a
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useful way to distinguish leading and subleading terms.

The next interaction terms each generate some of the decays of (axial)tensor mesons. The first of these
is of the form

Lgten2
=
gten
2

2

(
Tr
[
Lµν{Lµ, Lν}

]
+ Tr

[
Rµν{Rµ, Rν}

])
+
g′ ten2

6
Tr
[
Lµν +Rµν

]
Tr
[
{Lµ, Lν}+ {Rµ, Rν}

]
.

(4.2.8)

The coupling constants scale as gten
2 ∝ N

−1/2
c and g′ten2 ∝ N

−3/2
c . Hence gten

2 is dominant and g′ten2 is
suppressed. Terms that are even more suppressed in large Nc do exist, but we will not treat them in this
work. This Lagrangian is written down after condensation of G, which makes it so that the coupling constants
have the dimension of energy. Only the terms proportional to G0 are kept, and the interactions with the
dilaton G are omitted as this will not be relevant to the phenomenology. This Lagrangian leads to the two
following types of decays

1. 2++ −→ 0−+ + 0−+, i.e. T → PP ;

2. 2−− −→ 1−− + 0−+, i.e. A2 → V P .

Later on we will see that these two decay channels turn out to be the dominant ones for the tensor and axial
tensor mesons respectively. Since they appear in together in the chiral multiplets Lµν ,Rµν , Lµ, Rµ, these
are proportional to the same combination of the coupling constants gten

2 and g′ ten2 . Using the experimental
data on the tensor decays we will estimate the axial tensor decay modes.
The next interaction terms relevant for us all involve derivatives, which ties in the fact that the decays from
(4.2.8) turn out to be dominant. The first of these can be written down as

LAten =
aten

2
Tr
[
Lµν{Lµβ , L

νβ}+Rµν{Rµβ , R
νβ}
]
+
a′ ten

6
Tr
[
Lµν +Rµν

]
Tr
[
{Lµβ , L

νβ}+ {Rµβ , R
νβ}
]
.

(4.2.9)

In the large Nc limit the couplings scale as aten ∝ N
−1/2
c and a′ten ∝ N

−3/2
c , hence the first term is seen

as the leading one. The difference in structure between the leading and subleading terms is similar as in
(4.2.8), with two traces being subleading compared to one trace. The coupling constants have dimension
[Energy−1], which means that, as mentioned before, these terms cannot be made dilatation invariant without
introducing a singularity in G = 0. These terms breaking dilatation invariance is another reason to believe
why decays via this Lagrangian are not the most prominent. However, they are still important for us, since
by using a vector meson dominance (VMD) model, we can include the photon field Aµ. In doing this, this
Lagrangian gives us in total the decay of a tensor meson to two photons, one photon and one vector meson,
and into two vector mesons when the photon is not included. When discussing radiative decays we will go
into more detail on the implementation of VMD.
The final chiral interaction terms have the form

Lcten = cten1 Tr
[
∂µLναL̃µν ∂αΦΦ† − ∂µRναΦ† ∂αΦR̃µν − ∂µRναR̃µν∂αΦ

†Φ+ ∂µLναΦ∂αΦ†L̃µν
]

+cten2 Tr
[
∂µLνα∂αΦR̃µν Φ† − ∂µRναΦ† L̃µν∂αΦ− ∂µRνα∂αΦ

†L̃µνΦ+ ∂µLναΦR̃µν∂αΦ†
]

, (4.2.10)

where L̃µν and R̃µν are the Hodge duals for Lµν and Rµν , i.e. L̃µν = 1
2ϵµνρσL

ρσ, and the similar expression
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Decay Mode 1
5 × |M|2

2++ −→ 0−+ + 0−+ gten 2
2 ×

2|⃗k
p(1),p(2)

|4

15

2−− −→ 0−+ + 1−− gten 2
2 × |⃗kv,p|2

15

(
5 +

2|⃗kv,p|2
m2

v

)
2−− −→ 0−+ + 2++ 4hten 2

3

45

(
45 +

4|⃗kt,p|4
m4

t
+

30|⃗kt,p|2
m2

t

)
2++ −→ 0−+ + 1−−

(cten1 +cten2 )2m2
t |⃗kv,p|4

5

2−− −→ 0−+ + 1++ (cten1 −c
ten
2 )2m2

a2
|⃗ka1,p|4

5

Table 4.1: Decay amplitudes for different decay modes.

for R̃µν . This Lagrangian breaks also dilatation invariance because it involves the Levi-Civita tensor ϵµνρσ.
Both constants cten1 and cten2 scale as N−1/2c , and will appear as their sum in decay formulas. For the decay
channels of these terms we will not look at large Nc suppressed terms, as they are not needed to describe
the current data. The pseudoscalars appear here as a decay product because of the shift of (3.3.33). The
decay channels that follow from this Lagrangian are:

1. 2++ −→ 1−− + 0−+, i.e. T → V P ;

2. 2−− −→ 1++ + 0−+, i.e. A2 → AP .

The tree-level decay rate of a generic spin-2 state has the form:

ΓtlT→A+B =
|⃗ka,b|
8πm2

t

× 1

5
|M|2 × κi ×Θ(mt −ma −mb) , (4.2.11)

where mt is the mass of the decaying spin 2 particle, and ma and mb are the masses of the decay products.
The Heaviside step function Θ(x) ensures that only kinematically allowed decays take place. The vector k⃗a,b
is the outgoing 3-momentum of one of the decay products, its modulus is given by:

|⃗ka,b| =
1

2mt

√
(m2

t −m2
a −m2

b)
2 − 4m2

am
2
b . (4.2.12)

The κi are channel dependent coefficients for the decay channel i, they depend on the coupling constants
and on the parameters in Table 3.3 with some numerical prefactor, and can have a dimension depending on
the decay channel. Finally, M is the matrix element for the Feynman diagram of the decay. They are listed
in Table 4.1.

4.3 Results

Now we will move onto the results for the decays of spin 2 tensor mesons. First, we compute their masses
that arise due to the spontaneous breaking of chiral symmetry. The well established tensor meson masses
will allow us to get the value of the masses of their poorly known chiral partners, the axial tensor mesons.
Afterwards we turn to the decays, first to those of the tensor mesons (that are well measured and serve as
a test of the approach and for parameter determination), and then to the decays of the ground-state axial
tensor mesons (that are mostly experimentally unknown). In Table 4.2, all the parameters of the eLSM
related to the (axial)tensor decays and masses that will be obtained in the following subsections are shown.
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Parameters Numerical Values Fitting Data
hten
3 −41 Table 4.3
δtenS 0.3GeV2 Table 4.3
gten
2 (1.392± 0.024) · 104(MeV) Table 4.5

g′ ten2 (0.024± 0.041) · 104(MeV) Table 4.5
gten
2 lat (0.7± 0.4) · 104(MeV) Table 4.12
cten (4.8± 0.9) · 10−7(MeV)−3 Table 4.6
aten (−2.09± 0.06) · 10−2(MeV)−1 Table 4.8
a′ ten (3.5± 0.4) · 10−3(MeV)−1 Table 4.8
βT (3.16± 0.81)◦ Table 4.5

Table 4.2: Parameters of the eLSM connected to the (axial) tensor mesons as determined by fits to known
experimental data.

4.3.1 Masses of (axial)tensor mesons

To find the masses of the tensor mesons, we expand (4.2.2), with the condensation of G and shifts of (3.3.32)
and (3.3.33). The resulting expressions for the masses of the tensor mesons are

m2
a2

=
(
m2

ten + 2δtenN
)
+
hten
3 ϕ2N
2

+
hten
2 ϕ2N
2

+
hten
1

2
(ϕ2N + ϕ2S) , (4.3.1)

m2
K2

=
(
m2

ten + δtenN + δtenS
)
+
hten
1

2
(ϕ2N + ϕ2S) +

1√
2
hten
3 ϕNϕS +

hten
2

4
(ϕ2N + 2ϕ2S) , (4.3.2)

m2
f2,N =

(
m2

ten + 2δtenN
)
+
hten
3 ϕ2N
2

+
hten
1

2
(ϕ2N + ϕ2S) +

hten
2 ϕ2N
2

, (4.3.3)

m2
f2,S =

(
m2

ten + 2δtenS
)
+
hten
1

2
(ϕ2N + ϕ2S) + hten

3 ϕ2S + hten
2 ϕ2S . (4.3.4)

In the same way we find the masses for the axial tensor mesons, the expressions for their masses read:

m2
ρ2 =

(
m2

ten + 2δtenN
)
− hten

3 ϕ2N
2

+
hten
2 ϕ2N
2

+
hten
1

2
(ϕ2N + ϕ2S) , (4.3.5)

m2
K2A

=
(
m2

ten + δtenN + δtenS
)
+
hten
1

2
(ϕ2N + ϕ2S)−

1√
2
hten
3 ϕNϕS +

hten
2

4
(ϕ2N + 2ϕ2S) , (4.3.6)

m2
ω2,N

=
(
m2

ten + 2δtenN
)
− hten

3 ϕ2N
2

+
hten
2 ϕ2N
2

+
hten
1

2
(ϕ2N + ϕ2S) , (4.3.7)

m2
ω2,S

=
(
m2

ten + 2δtenS
)
− hten

3 ϕ2S + hten
2 ϕ2S +

hten
1

2
(ϕ2N + ϕ2S) . (4.3.8)
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Fot both the tensor and axial tensor mesons, the masses of the isovector and the nonstrange isoscalar members
are equal:

m2
ρ2 = m2

ω2,N
and m2

a2
= m2

f2,N . (4.3.9)

However, these are not the physical states yet. The actual physical states will differ in mass because there
is a small isoscalar mixing angle.
Relating the expressions for the masses of the tensor and axial tensor mesons, we find the following three
equations relating the masses of chiral partners:

m2
ρ2 = m2

a2
− hten

3 ϕ2N , (4.3.10)

m2
K2A

= m2
K2

−
√
2hten

3 ϕNϕS , (4.3.11)

m2
ω2,S

= m2
f2,S − 2hten

3 ϕ2S , (4.3.12)

where the first equation also describes the masses ω2,N and f2,N because of (4.3.9). Putting in the masses
of the K2(1820) and K∗2 (1430), we can find a numerical estimate for hten

3 :

hten
3 =

m2
K2A

−m2
K2√

2ϕNϕS
≃ −41 . (4.3.13)

Next, we can find the value of δtenS by using the PDG masses of the two tensor mesons K2 and a2 and taking
δtenN = 0 and ϕ2N ≃ 2ϕ2S :

δtenS = m2
K2

−m2
a2

≃ 0.3GeV2 . (4.3.14)

With these parameters and masses of the known tensor mesons, we can find the masses of the axial tensor
mesons:

1. The mass of the purely strange resonance ω2,S ≃ ϕ2 is:

m2
ϕ2

≃ m2
ω2,S

= m2
a2

+ 2δtenS − 3

2
hten
3 ϕ2N , (4.3.15)

which implies the value for the mass of the missing strange-antistrange resonance ϕ2(?) ≃ ω2,S of Table
1 is:

mϕ2
≈ 1971MeV . (4.3.16)

2. The mass of the ρ2 is related to its chiral partner a2 by

m2
ρ2 = m2

a2
− hten

3 ϕ2N ,

so we predict a mass for the not-yet discovered resonance ρ2 as:

mρ2 = 1663MeV . (4.3.17)

Since we neglect the isoscalar mixing in the axial tensor sector, we also have

mω2,N ≃ 1663 MeV. (4.3.18)

3. We also calculate the mass of the known purely strange isoscalar tensor meson and compare it to
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experimental data:
m2
f2,S = m2

ω2,S
+ 2hten

3 ϕ2S ≃ 1520 MeV . (4.3.19)

This result is slightly below the physical value of the resonance f ′2(1525) that amounts to 1538MeV.
From the relation m2

a2
= m2

f2,N
, it also follows that mf2,N = 1317MeV. This is slightly above the

measured mass of the f2(1270) which is 1297 MeV.
These small differences between the theoretical and experimental results can be resolved by intro-
ducing a small isoscalar mixing angle. In our case, we shall determine this mixing angle with the
two-pseudoscalar decay channel in subsection 4.3.2. Upon including the isoscalar mixing in the tensor
sector (but still neglecting it in the axial tensor sector), Table 4.3 shows the results for the (axial)
tensor masses.

Resonances Masses (in MeV) Resonances Masses (in MeV)

a2(1320) 1317 ρ2(?) 1663

K∗2 (1430) 1427 K2(1820) 1819
f2(1270) 1297 ω2,N 1663

f ′2(1525) 1538 ω2,S 1971

Table 4.3: Masses of the spin 2 mesons predicted by the eLSM. Bold entries are the PDG values used as
inputs. The mixing for the tensor-isoscalar mesons has been taken into account.

4.3.2 Decays of tensor mesons

In this subsection, we compare the predictions for the strong and radiative decay of tensor mesons with
available PDG data.

T −→ P + P decay mode

The Lagrangian describing the decay of spin-2 tensor mesons to two pseudoscalar mesons follows from the
chiral Lagrangian of Eq. (4.2.8) by applying the shift (3.3.33) to the axial vector states. Its form is

LTpp = gten
2 Tr

[
Tµν

{
(∂µP) , (∂νP)

}]
+
g′ ten2

3
Tr
[
Tµν

]
Tr
[{

(∂µP) , (∂νP)
}]

. (4.3.20)

The coupling g
′ten
2 is scaled by a factor 1/3 so that that for the singlet state the same normalization occurs.

We can decompose the tensor meson nonet as

√
2T2,µν =

8∑
a=0

T aµν
λa√
2
, (4.3.21)

with λ0 =
√

2
31. We then have that

Tµν =
1√
6
T 0
µν1+ .... (4.3.22)

For the singlet state the Lagrangian then reduces to

LTpp = (gten
2 + g′ten2 )T 0µν Tr

[{
(∂µP) , (∂νP)

}]
+ ..., (4.3.23)
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wherein the couplings gten
2 and g

′ten
2 appear with the same prefactor. Since this is just a rescaling of g

′ten
2 ,

this convention does not affect physical predictions. the same convention is used in other terms as well.
The tree-level decay rate for the decay into two pseudoscalars is given by

ΓtlT−→P (1)+P (2)(mt,mp(1) ,mp(2)) = κtpp ,i
|⃗kp(1),p(2) |5

60πm2
t

Θ(mt −mp(1) −mp(2)) , (4.3.24)

where the coefficients κtpp ,i (with dimension [Energy−2]) are listed in Table 4.4. We then perform a χ2 fit

Decay process κtpp ,i

a2(1320) −→ K̄ K 2
(
gten2 Z2

kw
2
k

2

)2
a2(1320) −→ π η

(
gten
2 ZπZηNwπwηN cosβP

)2
a2(1320) −→ π η′

(
− gten

2 ZπZηNwπwηN sinβP

)2
K∗2 (1430) −→ π K̄ 3

(
gten2 ZkwkZπwπ

2

)2
f2(1270) −→ K̄ K 2

(
Z2

kw
2
k

(
(4g′ ten2 +3gten2 ) cos βT+

√
2(2g′ ten2 +3gten2 ) sin βT

)
6

)2
f2(1270) −→ π π 6

(
Z2

πw
2
π

(
(2g′ ten2 +3gten2 ) cos βT+

√
2g′ ten2 sin βT

)
6

)2
f2(1270) −→ η η 2

(
Z2

ηN
w2

ηN
cos β2

P

(
(2g′ ten2 +3gten2 ) cos βT+

√
2g′ ten2 sin βT

)
+Z2

ηS
w2

ηS
sin β2

P

(√
2(g′ ten2 +3gten2 ) sin βT+2g′ ten2 cos βT

)
6

)2
f ′2(1525) −→ K̄ K 2

(
Z2

kw
2
k

(
−(4g′ ten2 +3gten2 ) sin βT+

√
2(2g′ ten2 +3gten2 ) cos βT

)
6

)2
f ′2(1525) −→ π π 6

(
Z2

πw
2
π

(
−(2g′ ten2 +3gten2 ) sin βT+

√
2g′ ten2 cos βT

)
6

)2
f ′2(1525) −→ η η 2

(
Z2

ηN
w2

ηN
cos β2

P

(
−(2g′ ten2 +3gten2 ) sin βT+

√
2g′ ten2 cos βT

)
+Z2

ηS
w2

ηS
sin β2

P

(√
2(g′ ten2 +3gten2 ) cos βT−2g′ ten2 sin βT

)
6

)2
Table 4.4: Coefficients κtpp ,i for the decay channel T −→ P (1) + P (2).

to the PDG data referenced in Table 4.5. The fit contains three free parameters: the two coupling constants
gten
2 and g′ ten2 , as well as the isoscalar mixing angle βT . The fit result for the free parameters is:

gten
2 = (1.392± 0.024) · 104(MeV) ,

g′ ten2 = (0.024± 0.041) · 104(MeV) ,

βT = (3.16± 0.81)◦ .

(4.3.25)

In agreement with large Nc arguments, the fit shows us that the coupling constant g′ ten2 is much smaller
than gten

2 . Because of its large error, it is also compatible with zero. It turns out that in this case considering
suppressed large Nc terms was not necessary, but this is not true in general. In some other cases, such as the
decays of the J/ψ [134], these higher order terms, even if small, do not vanish. Furthermore, the following
prediction was not included in the fit due to the large experimental uncertainty

Γ
[
K∗2 (1430) −→ η K̄

]
= (1.13± 0.03) · 10−3 MeV, PDG : 0.15+0.34

−0.10 MeV. (4.3.26)

While the theoretical result does not quite match the experimental value, they agree qualitatively in that
they are both small. The isospin mixing angle βT = 3.16◦ is also a decent approximation to the value



CHAPTER 4. SPIN 2 TENSOR MESONS AND AXIAL TENSOR MESONS 56

Decay process (in model) eLSM (MeV) PDG (MeV)

a2(1320) −→ K̄ K 4.06± 0.14 7.0+2.0
−1.5 ↔ (4.9± 0.8)%

a2(1320) −→ π η 25.37± 0.87 18.5± 3.0 ↔ (14.5± 1.2)%

a2(1320) −→ π η′(958) 1.01± 0.03 0.58± 0.10 ↔ (0.55± 0.09)%

K∗2 (1430) −→ π K̄ 44.82± 1.54 49.9± 1.9 ↔ (49.9± 0.6)%

f2(1270) −→ K̄ K 3.54± 0.29 8.5± 0.8 ↔ (4.6+0.5
−0.4)%

f2(1270) −→ π π 168.82± 3.89 157.2+4.0
−1.1 ↔ (84.2+2.9

−0.9)%

f2(1270) −→ η η 0.67± 0.03 0.75± 0.14 ↔ (0.4± 0.08)%

f ′2(1525) −→ K̄ K 23.72± 0.60 75± 4 ↔ (87.6± 2.2)%

f ′2(1525) −→ π π 0.67± 0.14 0.71± 0.14 ↔ (0.83± 0.16)%

f ′2(1525) −→ η η 1.81± 0.05 9.9± 1.9 ↔ (11.6± 2.2)%

Table 4.5: Decay rates for T −→ P (1) + P (2).

βT = 5.7◦ in the PDG quark model review, calculated from the mass relation

βT = 35.3◦ − arctan

(√√√√ 4m2
K2

−m2
a2 − 3m2

f ′
2

−4m2
K2

+m2
a2 + 3m2

f2

)
. (4.3.27)

Overall, the results shown in Table 4.5 show a good qualitative agreement, even if the exact values do
not always quite match the experimental ones. The experimental data are quite precise and only three
parameters were used in the fit, and some channels, such as f ′2(1525) −→ K̄ K, are primarily responsible
for not fully matching the data. Further improvements could be made by including higher order large Nc
suppressed terms as well as flavor-symmetry (or even isospin) breaking contributions.

T −→ V + P decay mode

The next decay channel with good experimental data the is one of a tensor meson decaying into a vector-
pseudoscalar pair. Upon taking the shift of (3.3.32), the chiral Lagrangian of (4.2.10) contains the following
vertex:

LTvp = (cten1 + cten2 ) εµνρσ Tr
[
∂µT να

(
∂ρV σ(∂αP )Φ0 − Φ0(∂αP∂

ρV σ)
)]

. (4.3.28)

The tree-level decay rate is given by

ΓtlT−→V+P (mt,mv,mp) =
(cten)2 |⃗kv,p|5

40π
κtvp ,iΘ(mt −mv −mp) , (4.3.29)

where cten = cten1 + cten2 , and the coefficients κtvp ,i have mass dimension 2 and are listed in Table 4.6. The
value for the coupling cten is obtained by performing a χ2-fit to the PDG data referenced in Table 4.6. The
resulting value from the fit is

cten = (4.8± 0.9) · 10−7(MeV)−3 , (4.3.30)
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and in table 4.6 the theoretical results are also shown. The model results agree with the experimental
data within one standard deviation. The final row has a prediction for the decay channel f ′2(1525) →
K̄∗(892)K + c.c. which has not yet been measured.

Decay process (in model) eLSM (MeV) PDG-2020 (MeV) κtvp ,i

a2(1320) −→ ρ(770)π 71.0± 2.6 73.61± 3.35 ↔ (70.1± 2.7)% 2
(
ϕN

4

)2
K∗2 (1430) −→ K̄∗(892)π 27.9± 1.0 26.92± 2.14 ↔ (24.7± 1.6)% 3

(
ϕN

8

)2
K∗2 (1430) −→ ρ(770)K 10.3± 0.4 9.48± 0.97 ↔ (8.7± 0.8)% 3

(√
2ϕS

8

)2
K∗2 (1430) −→ ω(782) K̄ 3.5± 0.1 3.16± 0.88 ↔ (2.9± 0.8)%

(
−ϕS cos βV +ϕN sin βV

4
√
2

)
)2

f ′2(1525) −→ K̄∗(892)K + c.c. 19.89± 0.73 4
(

2ϕS cos βT+ϕN sin βT

8 )
)2

Table 4.6: Decay rates and coefficients for the decay channel T −→ P + V .

T −→ γ + P decay mode

As mentioned before, the photon can be included via a vector meson dominance procedure [135] by applying
the additional shift

Vµν → Vµν +
e

gρ
FµνQ , (4.3.31)

where Vµν ≡ ∂µVν − ∂νVµ is as usual the field strength for the corresponding vector field Vµ, Q =

diag{2/3,−1/3,−1/3} is the quark charge matrix, Fµν = ∂µAν −∂νAµ is the electromagnetic field strength,
e =

√
4πα is the electromagnetic charge, and gρ ≃ 5.5 ± 0.5 [135] is a coupling which parametrizes the

photon-vector-meson transition. first off, we consider T −→ γP . Applying the VMD shift of (4.3.31) into
(4.3.28) leads to the Lagrangian

LTγp =
e

gρ
cten Tr

[
∂µT να

(
FµνQ(∂αP )Φ0 − Φ0(∂αPFµνQ

)]
, (4.3.32)

with the corresponding decay rate

ΓtlT−→γ+P (mt,mp) =
cten 2 |⃗kγ,p|5

40π
κtγp ,iΘ(mt −mp) . (4.3.33)

Decay process (in model) eLSM PDG-2020 κtγp ,i

K±2 (1430) −→ γ K± 1.12± 0.47 MeV 0.24± 0.05 MeV e2

g2ρ

(
ϕN+2

√
2ϕS

12

)2
K0

2 (1430) −→ γ K0 5.1± 2.2 keV < 5.4 keV e2

g2ρ

(
ϕN−

√
2ϕS

12

)2
a±2 (1320) −→ γ π± 1.01± 0.43 MeV 0.31± 0.03 MeV e2

g2ρ

(
ϕN

4

)2
Table 4.7: Decay rates and coefficients for the decay channel T −→ γ + P .

The coupling constant cten has been fitted before giving the result (4.3.30), and gρ = 5.5 ± 0.5 is taken
from [135]. The results for the photon-vector decays with theoretical errors based on the errors of the
parameters are reported in Table 4.7. The decay rates qualitatively similar to the PDG values; they are in
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the same order of magnitude but overall a bit larger. The errors are also fairly large, so that at the level of
about 2 standard deviations the two results agree.

T −→ γγ decay mode

Next, we describe decay into two photons. The chiral Lagrangian of (4.2.9) contains the following interaction
term between a tensor meson and two vectors:

LTvv = atenTr
[
Tµν{V µβ , V

νβ}
]
+
a′ ten

3
Tr
[
Tµν

]
Tr
[
{V µβ , V

νβ}
]
. (4.3.34)

Then, through the VMD shift (4.3.31) for both vector fields, we get the Lagrangian with vertices between
the tensor and two photons:

LTγγ = aten e
2

g2ρ
Tr
[
Tµν{QFµβ , QF

νβ}
]
+
a′ ten

3

e2

g2ρ
Tr
[
Tµν

]
Tr
[
{QFµβ , QF

νβ}
]

, (4.3.35)

which gives the decay rate

ΓtlT→γγ =
e4

g4ρ

2 |⃗k|5

5πm2
t

κtγγ ,i =
e4

g4ρ

m3
t

80π
κtγγ ,i , (4.3.36)

where mt = 2|⃗k| (since the photons are massless) was used .In Table 4.8 the experimental values, as well as
the theoretical results and coefficients κtγγ,i, are shown. They are again derived from a χ2 approach, now
with the two free parameters aten and a′ ten. The mixing angle βT = 3.16◦ found earlier is kept fixed and
there are three experimental data-points. The resulting values for the couplings are

aten = (−2.09± 0.06) · 10−2(MeV)−1 , a′ ten = (3.5± 0.4) · 10−3(MeV)−1. (4.3.37)

The observation that all 3 data points are described well indicates that the value of the mixing angle found
by the earlier fit to two pseudoscalars βT = 3.16◦ is consistent with the data. Like before the fit result
confirms the expectations from large Nc arguments, which is that a′ ten is small compared to aten.

Decay process (in model) eLSM (keV) PDG-2020 (keV) κtγγ ,i

a2(1320) −→ γγ 1.01± 0.06 1.00± 0.06 aten 2

36

f2(1270) −→ γγ 1.95± 0.10 2.6± 0.5
(

(5aten+4a′ ten) cos βT+
√
2(aten+2a′ ten) sin βT

18

)2
f ′2(1525) −→ γγ 0.083± 0.009 0.082± 0.009

(
−(5aten+4a′ ten) sin βT+

√
2(aten+2a′ ten) cos βT

18

)2
Table 4.8: Decay rates and coefficients for the decay channel T −→ γγ .

T −→ γ + V decay mode

Using the values of the couplings found in the previous fit, we can make predictions for the decay of a tensor
into a photon and vector meson. Performing only one shift on the vector fields of the Lagrangian (4.3.34)
we find

LTγV = 2aten e

gρ
Tr
[
Tµν{QFµβ , V

νβ}
]
+

2a′ ten

3

e

gρ
Tr
[
Tµν

]
Tr
[
{QFµβ , V

νβ}
]

. (4.3.38)
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The vector-photon decay rates that follows from this Lagrangian has the form

ΓtlT−→γ+V (mt,mv) =
κtγv ,i e

2

15πm2
tm

2
vg

2
ρ

(
3|⃗kv,γ |7 + 5|⃗kv,γ |3m2

v + 5|⃗kv,γ |4m2
v

√
|⃗kv,γ |2 +m2

v

+ |⃗kv,γ |5
(
10m2

v − 3(|⃗kv,γ |2 +m2
v)
))

. (4.3.39)

The coefficients κtγv ,i are listed in Table 4.9 and the numerical predictions for the undiscovered decay rates
are shown in Table 4.10. The corresponding errors follow from the ones of aten and a′ ten in (4.3.37), together
with gρ = 5.5 ± 0.5 [135]. Additional sources of uncertainty, such as the uncertainties of the masses, were
neglected for simplicity. This can increase the errors but they will be of similar order as the ones reported
in Table 4.10.

Decay process (in model) κtγv ,i

a2(1320) −→ ρ(770) γ
(
aten

6

)2
a02(1320) −→ ω(782) γ

(
aten cos βV

2

)2
a2(1320) −→ ϕ(1020) γ

(
aten sin βV

2

)2
K∗±2 (1430) −→ K̄∗±(892) γ

(
aten

6

)2
K∗ 0

2 (1430) −→ K̄∗ 0(892) γ
(
aten

3

)2
f2(1270) −→ ρ(770) γ

(
(aten+2a′ ten) cos βT+

√
2a′ ten sin βT

2

)2
f2(1270) −→ ω(782) γ

(
cos βV

(
(aten+2a′ ten) cos βT+

√
2a′ ten sin βT

)
−2 sin βV

(
(aten+a′ ten) sin βT+

√
2a′ ten cos βT

)
6

)2
f2(1270) −→ ϕ(1020) γ

(
sin βV

(
(aten+2a′ ten) cos βT+

√
2a′ ten sin βT

)
+2 cos βV

(
(aten+a′ ten) sin βT+

√
2a′ ten cos βT

)
6

)2
f ′2(1525) −→ ρ(770) γ

(
−(aten+2a′ ten) sin βT+

√
2a′ ten cos βT

2

)2
f ′2(1525) −→ ω(782) γ

(
sin βT

(
−(aten+2a′ ten) cos βV +2

√
2a′ ten sin βV

)
+cos βT

(√
2a′ ten cos βV −2(aten+a′ ten) sin βV

)
6

)2
f ′2(1525) −→ ϕ(1020) γ

(
cos βT

(
−2(aten+a′ ten) cos βV −

√
2a′ ten sin βV

)
+sin βT

(
2
√
2a′ ten cos βV +(aten+2a′ ten) sin βV

)
6

)2
Table 4.9: Coefficients for the decay channel T −→ γ + V decays.

Vector-vector decay mode of tensor mesons

Finally, we study the decay for the tensor mesons into two vector mesons, to describe the following data
from the PDG:

PDG : Γ[f2(1270) −→ π+π−2π0] ≈ 19.5MeV;

PDG : Γ[a2(1320) −→ ω(782)ππ] ≈ 11.3MeV;

PDG : Γ[K⋆
2 (1430) −→ K⋆(892)ππ] = 13.5± 2.3MeV.

Since the ρ decays primarily into two pions (all other decay modes have decay ratios of order 10−3 or
lower), is natural to interpret these decays as the two vector decay channels (ρ(770)ρ(770), ω(782)ρ(770),
and K∗(892)ρ(770)), in which the ρ(770) meson further decays into two pions. In order to describe this two-
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Decay process (in model) Decay Width (MeV)

a2(1320) −→ ρ(770) γ 0.22± 0.04

a02(1320) −→ ω(782) γ 1.94± 0.04

a2(1320) −→ ϕ(1020) γ 0.0024± 0.0005

K∗±2 (1430) −→ K̄∗±(892) γ 0.23± 0.04

K∗ 0
2 (1430) −→ K̄∗ 0(892) γ 0.94± 0.18

f2(1270) −→ ρ(770) γ 0.70± 0.17

f2(1270) −→ ω(782) γ 0.068± 0.017

f2(1270) −→ ϕ(1020) γ 0.007± 0.002

f ′2(1525) −→ ρ(770) γ 0.32± 0.08

f ′2(1525) −→ ω(782) γ 0.012± 0.005

f ′2(1525) −→ ϕ(1020) γ 0.61± 0.12

Table 4.10: Predictions for T −→ γ + V .

stage decay chain, we use a properly normalized “Sill” spectral function introduced in [136] for the ρ-meson
as

dρ(y) =
2y

π

√
y2 − 4m2

π Γ̃ρ

(y2 −m2
ρ)

2 + (
√
y2 − 4m2

π Γ̃ρ)
2
Θ(x− 2mπ),

∫ ∞
0

dy dρ(y) = 1 , (4.3.40)

where Γ̃ρ is defined as

Γ̃ρ ≡
Γρ→2πmρ√
m2
ρ − 4m2

π

, (4.3.41)

with Γρ→2π = 149.1 MeV and mρ = 775.11 MeV are taken from the PDG.
We use the Sill spectral function rather than a usual Breit-Wigner for the following reasons. The normaliza-
tion is guaranteed also for broad states, the contribution of virtual particles has a vanishing real part, and
the threshold is properly taken into account.
The two chiral Lagrangians (4.2.8) and (4.2.9) contribute to the coupling of tensor mesons to two vector
mesons. When the interference between these two channels is constructive, the decay rates are too large.
Hence, we assume there is destructive interference between the corresponding amplitudes. We find the
following estimates for the decay rates of these chains:

Γf2→ρρ→4π ≃
∫ ∞
0

dy1 dρ(y1)

∫ ∞
0

dy2 dρ(y2) Γf2→ρρ(mf2 , y1, y2) ≈ 29.9MeV ; (4.3.42)

Γa2→ωρ→ω2π ≃
∫ ∞
0

dy1 dρ(y1) Γa2→ρω(ma2 ,mω1 , y1) ≈ 11.1MeV ; (4.3.43)

ΓK2→K⋆ρ→K2π ≃
∫ ∞
0

dy1 dρ(y1) ΓK2→ρω(mK2 ,mK1 , y1) ≈ 6.6MeV . (4.3.44)

The results are in qualitative agreement with the experimental ones. This is quite interesting since only
the previously fitted parameters are used. Furthermore, this is a nontrivial process that involves numerous
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different parts: two distinct interaction Lagrangians with destructive interference, and the integral over the
spectral function of the ρ-meson, which is chosen as the Sill distrubition, where other choices were also
possible. Finally, the direct decay into a pair of pions and a vector meson is not included, but still the decays
are described well.

4.3.3 Decays of axial tensor mesons

We now move to the decays of the ground-state axial tensor mesons with JPC = 2−−. As most of these
have not yet been found and thus their decay rates are unknown, we will predict these decay rates. Where
available, we will also compare our results with those found using lattice QCD (LQCD) and other theoretical
results.

A2 −→ V + P decay mode

The decay of axial tensor states into a vector and pseudoscalar pair is found by expanding the chiral La-
grangian (4.2.8) into the physical nonets which gives the interaction term

LA2vp = gten
2 Tr

[
Aµν2

{
(∂µP) , Vν

}]
. (4.3.45)

The tree-level decay rate is given by

ΓtlA2−→V+P (ma2 ,mv,mp) =
gten 2
2 |⃗kv,p|3

120πm2
a2

(
5 +

2 |⃗kv,p|2

m2
v

)
κa2vp ,iΘ(ma2 −mv −mp) , (4.3.46)

where the coefficient κa2vp ,i can be found in Table 4.11, along with the predicted decay widths. The result-
ing decay rates for this decay mode are very large. We should take note that our results can be considered
approximate for the following reasons:

1. The strength of the interactions is determined solely by the the data on tensor mesons, and extrapolated
by means of chiral symmetry to the axial tensors. While this is correct if chiral symmetry is exact,
chiral symmetry is broken in Nature and no corrections to it have been taken into account in this
model. Chiral symmetry breaking effects are expected to be relevant between 1-2 GeV, and could be
significant for these decays;

2. The κi depends on quantities of the type (Zw)2 ∝ g41 (see Tables 4.11 and 3.3). Even a small uncertainty
in the parameters of the original eLSM generates a much larger uncertainty in the results of the decays
of axial tensor states. For example, a 20% uncertainty in g1 propagates to a difference of a factor 2 in
the decay rates;

3. The parameters g1, gten
2 and others are assumed to be constant over a large range of energies. However

it is not unreasonable to assume that it has a (soft) energy dependence. It could become smaller when
the mass of the decaying particle increases, necessitating the inclusion of form factors. Even a small
change would significantly change the widths shown in table 4.11.

In summary, the parameters used (in particular g1) imply a quite large and difficult to determine source of
uncertainty in the decays of the axial tensor states. In order to be on the safe side, we estimate an error of
about 50% for the reported numbers in Table 4.11.
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For the ρ2, ω2,N ≃ ω2, and ω2,S ≃ ϕ2, there is no experimental data. For the kaons, the resonances
K2(1820) and K2(1770) are expected to emerge from the bare axial tensor and pseudotensor states which
can mix the same way the axial vector and pseudovector mesons mix as in (3.3.16). Assuming that K2A is
closer to K2(1820), which we have done in Table 1.1 although this is not completely settled yet, The decay
width for the K2A state predicted by the eLSM is approximately twice of the experimentally measured decay
of K2(1820). This suggests that we should probably assume the uncertainties mean the decay rates should
be lower than the central values reported in Table 4.11.
This notion can be extended to the other decay channels as well. By comparing with the lattice QCD results
reported in Table 4.12, we see that the eLSM theoretical results for the decays are of the same order of
magnitude but about 2-3 times greater than the LQCD ones. This is another indication that we should
interpret these results to be on the lower end in the given range of uncertainty.

For completeness we also determine the coupling directly from the LQCD results, which leads to

gten
2 lat ≃ (0.7± 0.4) · 104(MeV), (4.3.47)

where we assume a 50% error in the lattice results of [3]1. This value is within two standard deviation of
the previous eLSM fit which gave (4.3.25). In Table 4.12, the decay rates for A2 → V +P with the coupling
gten
2 lat fitted to Lattice data from [3] are shown. Comparing the two tables 4.11 and 4.12, the various ratios

of decay widths are consistent with each other, with the eLSM reproducing the lattice results well after the
coupling is rescaled to (4.3.47).
In summary, the conclusion of the theoretical study is quite clear. The axial tensor states are expected to
be broad even when taking the low side of our results, even given the large uncertainties. This could explain
the fact that the states ρ2, ω2, and ϕ2 have not been observed up to now.

A2 −→ A1 + P decay mode

The chiral Lagrangian (4.2.10) generates the decay of an axial tensor into an axial vector and pseudoscalar
pair:

LA2a1p = c′ ten εµνρσ Tr
[
∂µAνα2

(
(∂ρAσ1 )(∂αP )Φ0 − Φ0(∂αP )(∂

ρAσ1 )
)]

, (4.3.48)

where c′ ten := cten1 − cten2 . The corresponding decay rate is given by:

ΓtlA2−→A1+P (ma2 ,ma1 ,mp) =
(c′ ten)2 |⃗ka1,p|5

40π
κa2ap ,iΘ(ma2 −ma1 −mp) . (4.3.49)

The theoretical predictions and the coefficients κa2ap ,i for each channel are given in Table 4.13. For simplicity
we assumethat K1A ≈ K1(1400). The predictions are all proportional to the combination ( c

′ ten

cten )2. This
means that in this case the decay of the tensor mesons does not fix the strength for the axial tensor mesons.
Two terms are present in the original Lagrangian (4.2.10), and the decay of tensor mesons depends on the
sum cten1 + cten2 while the axial tensor decays depend on the difference cten1 − cten2 . We could fix the sum with
the tensor meson data but cannot fix the difference. Nevertheless, we can reasonably expect that c′ ten is of

1This high error is chosen in part because the pions in lattice QCD calculations, based on SU(3) flavor symmetry, have a
mass of about 700 MeV, compared to the physical mass of 130-140 MeV.
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Decay process (in model) eLSM (MeV) κa2vp ,i

ρ2(?) −→ ρ(770) η ≈ 99± 50
(
− wηNZηN cosβP

)2
ρ2(?) −→ K̄∗(892)K + c.c. ≈ 85± 43 4

(
ZKwK

2

)2
ρ2(?) −→ ω(782)π ≈ 419± 210

(
− wπZπ cosβV

)2
ρ2(?) −→ ϕ(1020)π ≈ 0.8

(
wπZπ sinβV

)2
K2,A −→ ρ(770)K ≈ 195± 98 3

(
ZKwK

2

)2
K2,A −→ K̄∗(892)π ≈ 316± 158 3

(
Zπwπ

2

)2
K2,A −→ K̄∗(892) η ≈ 0.01

(
− 1

2 (
√
2ZηSwηS sinβP + ZηNwηN cosβP )

)2
K2,A −→ ω(782) K̄ ≈ 51± 26

(
− wKZK

2 (
√
2 sinβV + cosβV )

)2
K2,A −→ ϕ(1020) K̄ ≈ 50± 25

(
wKZK

2 (−
√
2 cosβV + sinβV )

)2
ω2,N −→ ρ(770)π ≈ 1314± 657 3

(
− Zπwπ

)2
ω2,N −→ K̄∗(892)K + c.c. ≈ 85± 43 4

(
− ZKwK

2

)2
ω2,N −→ ω(782) η ≈ 93± 47

(
ZηNwηN cosβP cosβV

)2
ω2,N −→ ϕ(1020) η ≈ 0.06

(
ZηNwηN cosβP sinβV

)2
ω2,S −→ K̄∗(892)K + c.c. ≈ 510± 255 4

(
− ZKwK√

2

)2
ω2,S −→ ω(782) η ≈ 1.0± 0.5

(
−

√
2ZηSwηS sinβP sinβV

)2
ω2,S −→ ω(782) η′(958) ≈ 0.3

(
−
√
2ZηSwηS cosβP sinβV

)2
ω2,S −→ ϕ(1020) η ≈ 101± 51

(
−
√
2ZηSwηS cosβV sinβP

)2
Table 4.11: Predictions and coefficients for the decay channel A2 −→ V + P .

the same order as cten. Based on this, we would expect small decay widths. Within this in mind, assuming
that c′ ten

cten ≃ 1, our prediction for the ρ2 → a1(1260)π channel is similar to the one found in [103].

A2 −→ T + P decay mode

The last term of the mass Lagrangian (4.2.2) also has an interaction term which enables us to make predictions
for the decay of an axial tensor mesons into a tensor and pseudoscalar pair. The interaction has the following
form

LA2tp = 2ihten
3 Tr

[
Aµν2 (PTµνΦ0 − Φ0TµνP )

]
, (4.3.50)

which leads to the decay rate given by

ΓtlA2−→T+P (ma2 ,mt,mp) =
(hten

3 )2 |⃗kt,p|
2m2

a2π

(
1 +

4|⃗kt,p|4

45m4
t

+
2|⃗kt,p|2

3m2
t

)
κa2tp ,iΘ(ma2 −mt −mp) . (4.3.51)

The resulting decay widths and corresponding coefficients κi are reported in Table 4.14. In some channels
the decays are again quite large, which are then promising avenues for future discovery of the axial tensor
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Decay process (in model) eLSM (MeV) LQCD (MeV) [3]

ρ2(?) −→ ρ(770) η ≈ 30

ρ2(?) −→ K̄∗(892)K + c.c. ≈ 27 36

ρ2(?) −→ ω(782)π ≈ 122 125

ρ2(?) −→ ϕ(1020)π ≈ 0.3

K2,A −→ ρ(770)K ≈ 53

K2,A −→ K̄∗(892)π ≈ 87

K2,A −→ K̄∗(892) η ≈ 0.004

K2,A −→ ω(782) K̄ ≈ 13.8

K2,A −→ ϕ(1020) K̄ ≈ 13.7

ω2,N −→ ρ(770)π ≈ 363 365

ω2,N −→ K̄∗(892)K + c.c. ≈ 25 36

ω2,N −→ ω(782) η ≈ 27 17

ω2,N −→ ϕ(1020) η ≈ 0.02

ω2,S −→ K̄∗(892)K + c.c. ≈ 100 148

ω2,S −→ ω(782) η ≈ 0.2

ω2,S −→ ω(782) η′(958) ≈ 0.02

ω2,S −→ ϕ(1020) η ≈ 17 44

Table 4.12: Predictions for the A2 −→ V + P based on LQCD results [3].

Decay process (in model) eLSM (MeV) κa2ap ,i

ρ2(?) −→ a1(1260)π ≃ 13
(
c′ ten

cten

)2
2
(
ϕN

4

)2
K2,A −→ a1(1260)K ≃ 0.1

(
c′ ten

cten

)2
3
(√

2ϕS

8

)2
K2,A −→ K̄1,A π ≃ 11

(
c′ ten

cten

)2
3
(
ϕN

8

)2
K2,A −→ f1(1285) K̄ ≃ 0.2

(
c′ ten

cten

)2 (√
2
8 (ϕN sinβA1

− ϕS cosβA1
)
)2

ω2,S −→ K̄1,AK + c.c. ≃ 6
(
c′ ten

cten

)2
4
(
ϕS

4

)2
Table 4.13: Predictions and coefficients for the decay channel A2 −→ A1 + P .

states. The decay rate of ρ2(?) −→ a2(1320)π is calculated to be about 200MeV in [103], twice as large as
the one calculated here.
It should be emphasized that the total sum of the various decay rates for the axial tensor mesons gives quite
large decay widths for these states, even when we take only the lower end of the given ranges of uncertainty.
This makes finding these states very challenging, but the discovery of these missing axial tensor states is still
possible, especially by looking into the dominant decay channels described in this chapter.

4.4 Conclusions

In this chapter we have analyzed the lightest tensor mesons and the lightest axial tensor mesons, who are the
chiral partners of the tensor mesons. The tensor mesons are quite well known and there is a good amount of
data describing them, this is used to fix a number of parameters and make predictions for the axial tensor
mesons using chiral symmetry, as well as for some unknown decays of the tensor mesons. The analysis is
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Decay process (in model) eLSM (MeV) κa2tp ,i

ρ2(?) −→ a2(1320)π ≈ 88 2
(
ϕN

4

)2
K2,A −→ K⋆

2 (1430)π ≈ 49 3
(√

2ϕS

8

)2
K2,A −→ a2(1320)K ≈ 84 3

(√
2ϕN

8

)2
K2,A −→ f2(1270)K ≈ 4

(
ϕN cos βT−2ϕS sin βT

8

)2
ω2,S −→ K⋆

2 (1430)K + c.c. ≈ 15 4
(
ϕS

8

)2
Table 4.14: Predictions and coefficients for the decay channel A2 → T + P .

done in the framework of a chiral model for low-energy QCD, the eLSM, which we have introduced in chapter
3.
The resulting masses as well as the strong and radiative decays of the ground-state tensors we get from this
model fit well with the data. As this treatment is based on the assumption that the states are conventional
quark-antiquark states, it is a confirmation of the assignment given by the quark model review of the PDG.
For the axial tensors, the masses are a bit above those of the tensor mesons owing to the chiral condensate.
The decay widths of the axial tensors are large, even in their large range of uncertainty. the dominant decay
channel is the one into a vector-pseudoscalar pair, followed by a tensor-pseudoscalar pair with the axial
vector-pseudoscalar channel being the smallest decay channel. Comparing with lattice QCD, the decay into
into vector-pseudoscalar pairs are similar to the ones we found, up to a rescaling of the coupling constant.
Even with large uncertainties that stem from a strong dependence on certain eLSM parameters, it is clear
that the axial tensor mesons are broad states. This makes it challenging to detect them, but it also means
that there are specific channels that are promising to look into for their discovery. The states ρ2, ω2, and ϕ2
could be discovered in ongoing and future experiments, see e.g. [120, 121, 122, 124, 125, 126, 127, 128, 123,
137, 138, 139] and refs. therein.
Finally, the tensor glueball, with a mass predicted by lattice of around 2.2 GeV [73], is an interesting inclusion
to the study of this chapter. Like the axial tensors this is a bound state of QCD expected to exist but not
yet found experimentally. Various tensor mesons in the energy region at about 2 GeV exist which could be
a glueball, but input from both experiment and theory is needed to determine which, if any, is a glueball.
Glueballs can be directly implemented in the eLSM, so this is a promising avenue to study the tensor glueball.
The following chapter will be dedicated to this study.



Chapter 5

The tensor glueball

5.1 Introduction

In chapters 2 and 3 we have discussed the scalar glueball, which is the lightest purely gluonic state. In fact,
there should exist a large spectrum of glueballs of various spin quantum numbers. This spectrum is one of
the earliest predictions of QCD and is intrinsically linked to its non-abelian gauge symmetry and confine-
ment [140]. Since then, various theoretical approaches have corroborated the existence of glueballs, see e.g.
[141, 142, 91, 143]. Among those approaches, Lattice QCD stands out, being able to compute, from first
principle, a large spectrum of glueball states [73, 72, 74, 144, 145, 146, 147] in a quenched approximation,
meaning that the quarks are non-dynamical. In [148] an unquenched calculation can be found. The glueball
spectrum gained from lattice QCD, in particular the one of [74], is also supported by a glueball resonance
gas model, similar to a hadron resonance gas model but with glueballs replacing the conventional hadrons,
which showed that the thermodynamic properties fit with what is known of pure Yang-Mills theory [149].
Recently, functional methods have also been successful at reproducing the glueball spectrum given by lattice
QCD, and could be a promising approach for calculating interactions and decays of glueballs [75, 150, 151],
which are difficult to calculate in lattice QCD.

While the different theoretical methods do not always give the same numerical outcomes, they generally
agree on several qualitative features. Namely, the lightest glueball state is a scalar (JPC = 0++), the
second-lightest is a tensor with JPC = 2++ (the tensor/scalar mass ratio can be an interesting quantity, see
e.g. [152]), and the third-lightest is a pseudoscalar (JPC = 0−+). For all the glueballs, their experimental
status is still inconclusive. However, for the lightest three states there do exist some notable candidates
[91]. Still, because glueballs will mix with regular mesons of the same quantum numbers and similar masses
and because of their poorly known decays, conclusive identification of glueballs in experiments is very difficult.

In this chapter, we concentrate on the tensor glueball. The tensor glueball is of interest to us for a number
of reasons. The first one, as we have mentioned before, is that it is the second lightest glueball state. The
second reason is the experimental observation of several isoscalar-tensor resonances which lie in the 2 GeV
region such as the f2(1430), f2(1565), f2(1640), f2(1810), f2(1910), f2(1950), f2(2010), f2(2150), and the
fJ(2220). One of these could be the tensor glueball, especially ones close to the lattice QCD predictions
of about 2 GeV. Attempts to find the tensor glueball in one of those f2 states has a long history, see e.g

66
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[140, 153, 154, 155]. In particular, the fJ(2220) was historically considered as a good candidate for the tensor
glueball [156]. However in this chapter, our results will point towards the fJ(2220) not being a good tensor
glueball candidate anymore.
There have been various different lattice QCD simulations that have computed the physical mass of the tensor
glueball. Some of these predictions are: 2150(30)(100) MeV [144], 2324(42)(32) MeV [145], 2376(32) MeV [74],
2390(30)(120) MeV [73], and 2400(25)(120) MeV [72]. Furthermore, using QCD sum rules, the tensor glueball
mass has been found to be in the range of 2000-2300 MeV [76, 157]. The aforementioned functional method
gave a tensor glueball mass of around 2610 MeV [75]. Holographic QCD methods, based on the AdS/CFT cor-
respondence, have also been used to study glueballs for instance in [158, 78, 77, 159, 160, 161, 162, 163, 164].
The tensor glueball mass in these holographic calculations can be found anywhere from 1900 to 4300 MeV,
depending on the model and the values of the parameters [161, 163]. In general, while the numerical result
for the mass differs, different theoretical methods converge on the existence of a tensor glueball in the region
near 2000 MeV.
Some results are also known for the decays of the tensor glueball. For instance, in [77, 159], the decays
of the tensor glueball have been calculated in the Witten-Sakai-Sugimoto Model. It was found that if the
tensor glueball mass is above the threshold where it is able to decay into ρρ, the tensor glueball state is
quite broad. In other hadronic approaches such as [101, 165], decay ratios for the tensor glueball were also
found. However, these did not yet include an explicit realization of chiral symmetry, which we will do in this
chapter. The tensor glueball is also thought to be related to the occurrence of OZI suppressed process such
as π−p→ ϕϕn [166].
On the experimental side, a data analysis on decays of the J/ψ could be promising for the identification
of the scalar and tensor glueballs [140, 113, 167, 168]. The tensor glueball mass from this analysis would
be around 2210 MeV. Future experiments with measurable production of tensor glueballs are discussed in
[169, 170].
With all these in mind, it is then quite natural to ask what a chiral hadronic approach like the eLSM can tell
about us the tensor glueball state, especially in connection to its decays. This chapter deals exactly with this
question: we study the tensor glueball via a suitable extension of the eLSM used in the previous chapter. In
the past, other glueballs such as the scalar [171, 79], pseudoscalar [172, 173], and vector [98] glueballs have
been studied in the eLSM, which makes this a natural next step.
Within the eLSM framework, we will evaluate various decay rates. The most important will turn out to be
the ρρ/ππ decay ratio. We then compare the outcomes to the isoscalar-tensor states in the range close to
2000 MeV and find out that the resonance f2(1950) is, according to present data combined with the eLSM
predictions, our best candidate. We will also comment on the partial decay widths of the glueball and the
overall assignment of excited tensor states.

5.2 Chiral model

From the Lagrangians (4.2.2) and (4.2.8), we can include the tensor glueball by the following substitution

Tµν −→ 1√
6
G2,µν · 13 . (5.2.1)
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In other words, the glueball is blind to flavor. The first Lagrangian we will use couples the glueball to vector
and axial vector fields:

Lλ =
λ√
6
G2,µν

(
Tr
[
{Lµ, Lν}

]
+ Tr

[
{Rµ, Rν}

])
. (5.2.2)

Here, we follow the same convention that implies the normalization with respect to the flavor singlet state.
The Lagrangian (5.2.2) leads to three kinematically allowed decay channels:

• Decays of the tensor glueball into two vector mesons, with the following decay rate

ΓG2→V (1)V (2)(mG2
,mv(1) ,mv(2)) =

κgvv ,iλ
2 |⃗kv(1),v(2) |

120πm2
G2

(
15 +

5|⃗kv(1),v(2) |2

m2
v(1)

+
5|⃗kv(1),v(2) |2

m2
v(2)

+
2|⃗kv(1),v(2) |4

m2
v(1)

m2
v(2)

)
Θ(mG2 −mv(1) −mv(2)) ;

(5.2.3)

• Two pseudoscalar mesons, by applying the shift of 3.3.33 twice, with decay rate

ΓtlG2−→P (1)P (2)(mG2
,mp(1) ,mp(2)) =

κgpp ,i λ
2 |⃗kp(1),p(2) |5

60πm2
G2

Θ(mG2
−mp(1) −mp(2)) ; (5.2.4)

• and into the axial vector and pseudoscalar mesons by applying the shift 3.3.33 once, with decay rate

ΓtlG2−→A1P (mG2
,ma1 ,mp) =

κgap ,i λ
2 |⃗ka1,p|3

120πm2
G2

(
5 +

2 |⃗ka1,p|2

m2
a1

)
Θ(mG2

−ma1 −mp) . (5.2.5)

The coupling constant λ is not known, and we cannot fit it to data as the glueball has not been found. We
are therefore limited to computing branching ratios rather than decay rates. Later on we will make a rough
estimate of the decay rates based on large Nc scaling.
The second chirally invariant term we will use for tensor glueball decays based on the one of (4.2.9) is of the
form

Lα =
α√
6
G2,µν

(
Tr
[
ΦRµνΦ†

]
+ Tr

[
Φ†LµνΦ

])
. (5.2.6)

This Lagrangian will lead to the decay of a tensor glueball into a tensor meson and pseudoscalar meson. The
decay rate for this process is given by

ΓtlG2−→TP (mG2 ,mt,mp) =
α2 |⃗kt,p|
2m2

G2
π

(
1 +

4|⃗kt,p|4

45m4
t

+
2|⃗kt,p|2

3m2
t

)
κg2tp ,iΘ(mG2 −mt −mp) . (5.2.7)

The coupling α is not fixed, so branching ratios are only calculated for decays in this channel.

The third chiral Lagrangian, derived from (4.2.10), describes the decay of a tensor glueball into a vector and
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pseudoscalar meson:

Lcten =
c1√
6
∂µGνα2 Tr

[
L̃µν ∂αΦΦ† − Φ† ∂αΦR̃µν − R̃µν∂αΦ

†Φ+ Φ∂αΦ
†L̃µν

]
+
c2√
6
∂µGνα2 Tr

[
∂αΦR̃µν Φ† − Φ† L̃µν∂αΦ− ∂αΦ

†L̃µνΦ+ ΦR̃µν∂αΦ
†
]

. (5.2.8)

We again define the sum c := c1 + c2, and the tree-level decay rate formula then reads

ΓtlG−→V P (mG2
,mv,mp) =

c 2 |⃗kv,p|5

40π
κgvp ,iΘ(mG2

−mv −mp) , (5.2.9)

This decay channel is heavily suppressed; the only nonzero κ is for KK∗ decay products, and is proportional
to a factor of (ϕN−

√
2ϕS), which vanishes in the chiral limit. This is expected to be a very small contribution

The final Lagrangian couples the tensor glueball to nucleons with the following interaction term [174, 175]

LGNN =
gNN
mN

G2,µνN̄(γµ
↔
∂ν + γν

↔
∂µ)N, (5.2.10)

where N̄ ,N is the (anti-)nucleon field containing the proton and neutron, i.e. NT = (p, n), mN is the nucleon

mass, and
↔
∂µ =

→
∂µ −

←
∂µ. The decay width for a boson decaying into two nucleons is given by [176]

ΓGNN̄ = 2

√
M2

4 −m2
N

8πM2
¯|M|2 =

1

30

(
2gNN
mN

)2

√
M2

4 −m2
N

πM2

(
3M4 − 4m2

NM
2 − 32m4

N

)
, (5.2.11)

where the factor 2 counts the pp̄ and nn̄ modes. Note that 3M4 − 4m2
NM

2 − 32m4
N = 4(M

2

4 −m2
N )(3M2 +

8m2
N ), and M2

4 −m2 = |k⃗1|2, so the decay width is proportional to |k⃗1|3. As expected for a P-wave decay
like this one, the decay width is proportional to |k⃗1|2l+1 with l = 1.

5.3 Results for the decay ratios

The coefficients κg◦◦,i, whose dimension depends on the channel, are shown in table 5.1. For the 2-
pseudoscalar channel, κ has mass dimension of -4, in the vector-vector channel it is dimensionless, in the
axial vector plus pseudoscalar channel it has mass dimension -2, for the tensor and pseudoscalar channel it
has mass dimension 2.

Using the κg◦◦ ,i shown in Table 5.1 and equations (5.2.3), (5.2.4), (5.2.5), we compute the tensor glueball
decay ratios. They are shown in Table 5.2. In the BESIII data an enhancement in the mass distribution at
around 2210 MeV was found in decay channels with high gluon production, where the tensor glueball can
be relevant [113]. Therefore, we have chosen this mass value when illustrating the decay ratios in Table 5.2
The decays are primarily to 2 vector mesons, with ρρ and K∗K∗ being the two dominant decay products.
The two ρmesons would further decay into four pions before reaching the detector in an experiment. Likewise
the K∗K∗ pair decays to 2 Kπ pairs.
As in the previous chapter, we expect a quite large uncertainty of our results, in particular in connection to the
ρρ-ππ ratio. By the same argument, the decay rate has a scaling of Z4

π. Assuming a 20 percent uncertainty in
Zπ we have an uncertainty in the decay rate of about 50 percent. However, the main qualitative point stands,
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Decay process κg◦◦ ,i

G2 −→ ρ(770) ρ(770) 1

G2 −→ K
⋆
(892)K⋆(892) 4

3

G2 −→ ω(782)ω(782) 1
3

G2 −→ ω(782)ϕ(1020) 0

G2 −→ ϕ(1020)ϕ(1020) 1
3

G2 −→ π π (Z2
πw

2
π)

2

G2 −→ K̄ K 4
3 × (Z2

kw
2
k)

2

G2 −→ η η 1
3 × (Z2

ηNw
2
ηN cosβ2

P + Z2
ηSw

2
ηS sinβ2

P )
2

G2 −→ η η′(958) 1
3 × ((Z2

ηNw
2
ηN − Z2

ηSw
2
ηS ) cosβP sinβP )

2

G2 −→ η′(958) η′(958) 1
18 × (Z2

ηSw
2
ηS cosβ2

P + Z2
ηNw

2
ηN sinβ2

P )
2

G2 −→ a1(1260)π
1
2 × (Zπwπ)

2

G2 −→ f1(1285) η
1
6 (ZηSwηS sinβA1 sinβP + ZηNwηN cosβA1 cosβP )

2

G2 −→ K1 ,AK
2
3 × (Zkwk)

2

G2 −→ f1(1420) η
′(958) 1

6 (ZηNwηN sinβA1
sinβP + ZηSwηS cosβA1

cosβP )
2

G2 −→ f1(1285) η
′(958) 1

6 (ZηSwηS sinβA1 cosβP − ZηNwηN cosβA1 sinβP )
2

G2 −→ f2(1270) η
1
24

(
ϕN cosβp cosβT + ϕS sinβp sinβT

)2
G2 −→ a2(1320)π

ϕ2
N

8

G2 −→ K∗(892)K + c.c. 1
48

(√
2ϕN − 2ϕS

)2
Table 5.1: Coefficients for the decay channel G2 −→ A+B.

Branching Ratio theory Branching Ratio theory Branching Ratio theory

G2(2210)−→K̄ K
G2(2210)−→π π 0.4 G2(2210)−→ρ(770) ρ(770)

G2(2210)−→π π 55 G2(2210)−→a1(1260)π
G2(2210)−→π π 0.24

G2(2210)−→η η
G2(2210)−→π π 0.1 G2(2210)−→K̄∗(892) K̄∗(892)

G2(2210)−→π π 46
G2(2210)−→K1 ,AK
G2(2210)−→π π 0.08

G2(2210)−→η η′
G2(2210)−→π π 0.004 G2(2210)−→ω(782)ω(782)

G2(2210)−→π π 18 G2(2210)−→f1(1285) η
G2(2210)−→π π 0.02

G2(2210)−→η′ η′
G2(2210)−→π π 0.006 G2(2210)−→ϕ(1020)ϕ(1020)

G2(2210)−→π π 6 G2(2210)−→f1(1285) η
G2(2210)−→π π 0.02

G2(2210)−→f1(1420) η
G2(2210)−→π π 0.01

Table 5.2: Branching ratios of G2 w.r.t. ππ. The columns are sorted as PP on the left, V V in the middle,
and AP on the right.
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Figure 5.1: Decay ratios ρρ/ππ (left) and ρρ/a1(1260)π (right) given as a function of the tensor glueball
mass.

which is that the 2 vector channel, and particularly the ratio ρρ-ππ, is expected to be large. Some decay
ratios as a function of the tensor glueball mass are also shown in figure 5.1. In general the ρρ dominance
will decrease with a higher tensor glueball mass.
A similar dominance of ρρ and K∗K∗ decay products was found in [77] in a holographic model, but to a
somewhat lesser extent (with a ratio of around 10, depending on the parameters).
We cannot compare with the nucleon decay width without knowing the value of gNN . We can relate this to
the pion coupling constant assuming tensor meson dominance [175]. This implies certain relations between
couplings of different channels for the tensor meson decays. In this case, we will assume these for the tensor
glueball as well. The Lagrangian for the decay of the tensor glueball to 2 pions can be rewritten to the form

LGππ =
gππ
M

Gµν∂
µπ⃗∂ν π⃗, (5.3.1)

where π⃗ = (π1, π2, π3) refers to the isospin triplet, and this gππ includes the κgππ as well as λ. In this way
the pion pion decay width can be written in the form

ΓGππ = 6
(gππ
M

)2 (M2

4 −m2
)

5/2

60πM2
, (5.3.2)

where the factor 6 counts the isospin and identical particle factors. Tensor meson dominance (TMD) states
that the dominant contribution to the hadron energy momentum tensor Θµν is the tensor mesons Tµν . Then,
assuming tensor meson dominance leads to the following identity [175]

2gNN
m

=
gππ
M

, (5.3.3)

which we will assume is also a valid approximation for the tensor glueball. This allows us to calculate the
decay ratio of G→ NN̄/G→ ππ as

ΓGNN̄
ΓGππ

≈ 5.3. (5.3.4)

The decay ratio is large enough to be a relevant factor in the search for a tensor glueball. In comparison to a
chiral hadronic model [15] or a holographic model [159], the decay width is lower than the 2-vector channel
widths, but larger than the other channels. For example compared to the dominant ρρ channel, the ratio
is ΓGρρ/ΓGNN̄ ≈ 9.6. The applicability of tensor meson dominance to the tensor glueball is not completely
clear, so it is at best an approximate result. However, as an order of magnitude estimation, the outcome can
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Resonances Masses (MeV) Decay Widths (MeV) Decay Channels

f2(1910) 1900± 9 167± 21 ππ, KK, ηη, ωω, ηη′, η′η′, ρρ, a2(1320)π, f2(1270)η

f2(1950) 1936± 12 464± 24 ππ, KK, ηη, K∗K∗, 4π

f2(2010) 2011+60
−80 202± 60 KK, ϕϕ

f2(2150) 2157± 12 152± 30 ππ, ηη, KK, a2(1320)π, f2(1270)η

fJ(2220) 2231.1± 3.5 23+8
−7 ηη′

f2(2300) 2297± 28 149± 41 KK, ϕϕ

f2(2340) 2345+50
−40 322+70

−60 ηη, ϕϕ

Table 5.3: Spin-2 resonances heavier than 1.9 GeV listed in PDG [2].

be useful.

Next, we compare our theoretical results with relevant data on potential glueball candidates. The can-
didate resonances are summarized in Table 5.3 and in Figure 5.2. While the mass value in table 5.2 is not
in line with every glueball candidate, it gives an overall picture on the decay ratios. One should also keep in
mind that lattice determinations still have sizable errors (of the order of 100-200 MeV) and do not include
the role of meson-meson loops, which can be quite relevant if the tensor glueball turns out to be broad (this
being our favored scenario). In the comparison with data, we shall directly use the mass of the resonance
for the decay ratios. Below we discuss each tensor glueball candidate separately. The experimental data and
theoretical predictions used for this discussion are shown in table 5.4.
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Figure 5.2: Masses and widths of isoscalar-tensor resonances heavier than 1.9 GeV [2].
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Resonances Branching Ratios PDG Model Prediction

f2(1910) ρ(770)ρ(770)/ω(782)ω(782) 2.6± 0.4 3.1

f2(1910) f2(1270)η/a2(1320)π 0.09± 0.05 0.07

f2(1910) ηη/ηη′(958) < 0.05 ∼ 8

f2(1910) ω(782)ω(782)/ηη′(958) 2.6± 0.6 ∼ 200

f2(1950) ηη/ππ 0.14± 0.05 0.081

f2(1950) KK/ππ ∼ 0.8 0.32

f2(1950) 4π/ηη > 200 > 700

f2(2150) f2(1270)η/a2(1320)π 0.79± 0.11 0.1

f2(2150) KK/ηη 1.28± 0.23 ∼ 4

f2(2150) ππ/ηη < 0.33 ∼ 10

fJ(2220) ππ/KK 1.0± 0.5 ∼ 2.5

Table 5.4: Decay ratios for the decay channels with available data.

• The f2(1910) has a width of 167 ± 21 MeV. The decay ratio ρ(770)ρ(770)/ω(782)ω(782) of 2.6 ± 0.4

is not far from the theoretical result of 3.1, and the data on the decay ratio of f2(1270)η/a2(1320)π
also agrees with the theory. However, the data on the ratio ηη/ηη′(958) gives a value less than 0.05,
while the theoretical result is around 8. Furthermore, the ratio of ωω to ηη′ is very large in theory,
but only 2.6± 0.6 in data. Both of these involves the ηη′(958) mode, which we can conclude is much
stronger in experiment than in theory. The ηη′ decay mode for the glueball is small because of flavor
symmetry. In exact flavor symmetry it is zero, but in the eLSM it is proportional to ϕN −

√
2ϕS ,

which is small. This mode clearly gives a contradiction between theory and experiment and as such
the f2(1910) cannot be mainly gluonic.

• The meson f2(1950) decays into ηη, ππ, KK̄, as well as K∗K∗ and 4π modes. The experimental ratio
ηη/ππ of 0.14± 0.05 agrees with theory, and the ratio KK̄/ππ shows agreement between experiment
and theory as well. In experiment we only have a lower bound for the ratio 4π/ηη. If we assume
that ρρ decays into 4 pions (and the direct 4-pion production is small enough to not have complete
destructive interference), we get a theoretical lower bound ratio of 4π/ηη. Both of these agree that
this ratio is large and in the order of ∼ 100. While the theory fits the data well, its large total
decay width of 460 MeV would imply a broad tensor glueball candidate. Quite interestingly, the
decay J/ψ → γK∗(892)K̄∗(892) shows a relatively large branching ratio of (7.0± 2.2) 10−4. A strong
coupling to J/ψ is an expected feature of a tensor glueball, and the f2(1950) is the only candidate with
measured K∗K̄∗ decay products. Recent T-matrix pole analyses found compatible but slightly lower
pole decay widths of 350± 114 MeV [111] and 237± ∼ 60 MeV [177], which are combined in the novel



CHAPTER 5. THE TENSOR GLUEBALL 74

PDG estimate for the pole width of 330 ± 110 MeV [2]. These values do not change the qualitative
outcomes of our discussion. Rather, they are lower than the PDG estimate and further confirm the
existence of the resonance f2(1950), strengthening the case for the f2(1950) as a tensor glueball.

• The resonance f2(2010) has a total decay width of 202±60 MeV. Only KK and ϕ(1020)ϕ(1020) decays
have been seen. This fact suggests a large strange-antistrange content for this resonance, rather than
a predominantly gluonic state.

• The f2(2150) is also listed in the PDG but is not completely established. Its mass is close to the one
predicted by lattice of around 2.2 GeV. However, the ratio KK/ηη is 1.28 ± 0.23, compared to the
theoretical prediction of about 4. Likewise, the experimental ratio of ππ/ηη is less than 0.33, while the
theoretical estimate is about 10. The predicted ratio of 0.1 for f2(1270)η/a2(1320)π also does not fit
the data of 0.79 ± 0.11. While this resonance fits the predicted mass, all available decay rates do not
show agreement between data and theory.

• The fJ(2220) (with J = 2 or 4) was historically treated as a good candidate [155]. However, most of
the decays that the theory predicts are not seen experimentally. Moreover, the only channel denoted
as ‘seen’ in the decay modes table of the PDG [178] is the ηη′(958) one, which in theory is expected
to be extremely suppressed (∼ 10−3 time the ππ) for the tensor glueball. the PDG data list also the
decay ratio ππ/KK̄ of 1.0 ± 0.5 (even though in the ‘decay modes’ table these channels are marked
as not seen), while the theoretical prediction is approximately 2.5. We also note that while in [113] a
potential tensor glueball resonance is found at 2210 MeV, the width of the enhancement is an order
of magnitude larger than one listed in PDG for fJ(2220), so while the mass fits the width would not.
Also, the uncertainty in the mass allows the glueball structure to also fit to other resonances. For these
reasons, we conclude that, on the basis of the present evidence, fJ(2220) should not be considered as
a good candidate for being a tensor glueball.

• The resonance f2(2300), with a total width of 149 ± 41 MeV, decays only into KK and ϕϕ. Like the
f2(2010), this suggests that it is predominantly a strange-antistrange object.

• Finally, the resonance f2(2340) has known decay channels into ηη and ϕ(1020)ϕ(1020), which would
also imply a large strange-antistrange component. It also has a broad decay width of 322 ± 60 MeV.
Due to a lack of data, both of the last two resonances should be investigated in more details in the
future, especially for what concerns other possible decay modes of these resonances. We also refer to
the discussion in the next subsection for additional discussions.

Summarizing the above, it turns out that the resonance f2(1950) seems to be the best fit, although this
would imply a broad tensor glueball state. All other states seem disfavored for various mismatches between
theory and experiment, such as specific branching or decay ratios with available data, (f2(1910) and the
f2(2150)) or decays in strange states only (f2(2010), f2(2300), and f2(2340)).
Yet, it still important to monitor the experimental status of the states above in the future. In particular, the
analysis for the states fJ(2220), f2(2300), and f2(2340) would benefit from more experimental data, with
special attention to the latter broad one.
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5.4 Discussions

In this subsection, we discuss two additional points. The first one addresses the numerical values of the partial
decay widths of the tensor glueball. While a precise treatment is not possible within the eLSM framework,
an estimate can be made by using large-Nc arguments and the decays of the conventional ground-state tensor
mesons. The second point discusses the assignment of various tensor states as radially and orbitally excited
conventional tensor mesons. In this framework, the tensor glueball should be an additional state that does
not fit into the quark-antiquark nonet picture, which has a limited number of states for every level.

5.4.1 Large Nc scaling estimate

Consider the conventional mesons

f2 ≡ f2(1270) ≃
√
1/2(ūu+ d̄d)

f ′2 ≡ f ′2(1525) ≃ s̄s,

whose decays rates into ππ are given by:

Γf2→ππ = 157.2 MeV

Γf ′
2→ππ = 0.71 MeV.

The decay amplitude Af2→ππ requires the creation of a single q̄q pair from the vacuum and scales as 1/
√
Nc,

where Nc is the number of colors. On the other hand, the amplitude Af ′
2→ππ implies that s̄s first converts into

two gluons (gg) that subsequently transforms into
√
1/2(ūu+ d̄d) (the very same mechanism is responsible

for a small (about 3◦) but nonzero mixing angle of the physical states in the strange-nonstrange basis fitted
in the previous chapter). Schematically this process looks like:

s̄s→ gg →
√
1/2(ūu+ d̄d) . (5.4.1)

The amplitude Af ′
2→ππ scales as 1/N

3/2
c and is OZI [179, 180, 181] suppressed with respect to the previous

one. Concretely, let us consider the transition Hamiltonian

Hint = λ
(
|ūu⟩ ⟨gg|+

∣∣d̄d〉 ⟨gg|+ |s̄s⟩ ⟨gg|+ h.c.
)
, (5.4.2)

where λ controls the mixing and therefore scales as 1/
√
Nc. Then:

Af ′
2→ππ ≃

√
2λ2Af2→ππ. (5.4.3)

For the decay rates this implies

Γf ′
2→ππ ≃ 2λ4Γf2→ππ, (5.4.4)

which gives λ ≃ 0.22 by using the experimental values for Γ.
For the tensor glueball decay into ππ, it start at an intermediate stage in the chain (5.4.1), since it is
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Decay process Γi(MeV)

G2 → π π ∼ 15
G2 → K̄ K ∼ 6
G2 → η η ∼ 1.6

G2 → η η′(958) ∼ 0.06
G2 → η′(958) η′(958) ∼ 0.08

Table 5.5: Estimations of the decay channel G2 → PP .

comprised of a gluon-gluon pair. We then have:

AG2→ππ ≃
√
2λAf2→ππ, (5.4.5)

since it is one extra step compared to the f2. The decay rates then go as

ΓG2→ππ ≃ 2λ2Γf2→ππ ≃
√
2
√
Γf2→ππΓf ′

2→ππ ≃ 15 MeV. (5.4.6)

A similar estimation of the coupling of glueballs to mesons has been done in [182, 183]. By construction,
ΓG2→ππ scales as 1/N2

c , which is expected for glueballs, realizing the expectation Γf ′
2→ππ < ΓG2→ππ <

Γf2→ππ.

The estimate ΓG2→ππ ≃ 15 MeV is only a very rough approximation. It does not take into account phase
space or form factors, and it avoids a microscopic evaluation. Still, it gives an order of magnitude idea on
how large the ππ mode could be, and by extension how large the other decay rates are. Some of these
estimates are shown in Table 5.5.

We note that the ππ decay rate we found is comparable to the one obtained within the Witten-Sakai-
Sugimoto model [77], in which

ΓG2→ππ/mG(2000) ≃ 0.014,−→ ΓG2→ππ ≃ 28 MeV. (5.4.7)

However, the ratio ρρ/ππ we find is a factor of 4 to 5 larger, making it so that while the models agree on
ρρ dominating, is it substantially larger in the eLSM. This decay width into ππ also implies a large decay
width into ρρ→ ππππ.

5.4.2 Classification of tensor meson states

The second point relates to the assignment of quark-antiquark tensor states. Up to now, we have considered
all isoscalar f2 states in the energy region about 2 GeV equally as potential tensor glueball candidates.
However, most of them should be interpreted as standard q̄q objects.
For this reason, it is useful look at how to classify them normally, rather than looking at their status as
a potential glueball. While the ground-state tensor mesons (with spectroscopic notation 13P2) are well
established as a2(1320), K∗2 (1430), f2(1270), and f ′2(1525), there is also a nonet of radially excited tensor
states (23P2) and a nonet of orbitally excited tensor states (13F2). Based on the quark model [100], the
orbitally excited tensor states are thought to be more massive than the radially excited tensor states, just
as with the excited vector mesons [116].
The nonet of radially excited tensor mesons consists of the following. The isotriplet state a2(1700), the
isodoublet states K∗2 (1980), and the isoscalar (mostly nonstrange) f2(1640). The mostly strange s̄s member
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of the nonet could be assigned to f2(1910), or f2(1950), or f2(2010). The quark model review of the PDG
[2] considers f2(1950) as the radially excited s̄s state. However, the decay of that state does not quite fit
with the picture of a predominantly s̄s object. In particular, the experimental KK/ππ ratio is about 0.8
(see Table 5.4), while a s̄s state would imply a ratio larger than one. Furthermore, the mass is very close to
that of the tensor isodoublet member K∗2 (1980), which does not support it being a radially excited strange-
antistrange state.
For the state f2(1910), it is currently not clear if it corresponds to a separate resonance or if it is actually
the same as the f2(1950). It is therefore omitted from the PDG summary table. Its mass is even lighter
than K∗2 (1980), which makes it unlikely this state is an s̄s state. The decays also do not support it being
strange-antistrange. The decay mode ρρ should be suppressed, as well as a2(1320)π which should be smaller
than f2(1270)η. In the data (see Table 5.4), this is not the case.
On the other hand, the state f2(2010) is well established and is known to decay into ϕϕ and KK. This
makes it more likely be include strange contents, thus making it more suitable as the last radially excited
tensor meson.
Summarizing the discussion above, we might identify the nonet of radially excited tensor mesons as

{a2(1700), K∗2 (1980), f2(1640), f2(2010)} with 23P2 and JPC = 2++. (5.4.8)

With the f2(1910) being less well established, this leaves the f2(1950) as a potential glueball candidate. In
[184] it is also concluded that the f2(1950) does not fit the 33P2 nonet as the radial excitation of f2(1270),
and the mass is too low to otherwise fit in that nonet according to the Regge trajectory.

The situation for the orbitally excited states is not as clear. There are no well established isotriplet or isodou-
blet states that could be used to identify the nonet. Possible isoscalar resonances could be the f2(2150),
the f2(2300) or the f2(2340). The f2(2150) could correspond to a nonstrange isoscalar state belonging to
the next radially excited nonet 33P2, and the f2(2300) and the f2(2340) could be regarded as a single state,
which would be the s̄s state of this nonet. However, these resonances are all not well established, and more
information is needed to make a definitive statement on this nonet.

5.5 Conclusions

In this chapter, we expanded upon the previous chapter on tensor mesons and adapted it to the study of the
tensor glueball. We constructed chirally invariant Lagrangians which describe the tensor glueball decays.
From these we could find the decay ratios of certain channels for the tensor glueball. It turns out the
dominant decay channels involve two vector decay products. In particular, the channels ρρ and K∗K̄∗ are
large compared to the others.
From the large predicted ρρ/ππ ratio, it would follow that the tensor glueball itself is very broad, given the
estimate of the ππ mode being of the order of 10 MeV. furthermore, we also predict a very small decay width
of the tensor glueball into K∗(892)K. This specific decay mode could be useful to exclude potential glueball
candidates in the future.
Comparing the theoretical predictions to the experimental data shows that presently the best best match
between experimental data and eLSM predictions is for the f2(1950). This would also imply that the tensor
glueball is a relatively broad state. According to lattice QCD, the f2(1950) might be too light to be the
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Resonances Interpretation status

f2(1910) Agreement with some data, but excluded by ηη/ηη′ and ωω/ηη′ ratios

f2(1950) ηη/ππ agrees with data, no contradictions with data, but implies broad tensor glueball

Best fit as predominantly glueball among considered resonances

f2(2010) Likely primarily strange-antistrange content

f2(2150) All available data contradicts theoretical prediction

fJ(2220) Data on ππ/KK̄ disagrees with theory, largest predicted decay channels are not seen

f2(2300) Likely primarily strange-antistrange content

f2(2340) Likely primarily strange-antistrange content, would also imply a broad glueball

Table 5.6: Isoscalar tensor resonances and their status as the tensor glueball.

tensor glueball, as it does not fit in the consensus of lattice studies which sets the mass range to 2.2-2.4 GeV.
However, an unquenched calculation would include additional meson-meson loop corrections, which would
lower the glueball mass. The large width of f2(1950) can also support the view it is not a conventional
quark-antiquark state, and therefore possibly a glueball. The interpretation status of all isoscalar tensor
meson resonances that have been considered is summarized in Table 5.6.
In the future, more data on decays of all tensor mesons into vector-vector, pseudoscalar-pseudoscalar, ground-
state tensor-pseudoscalar, as well as 2 nucleons would be very helpful to constrain models and falsify different
scenarios, since not all resonances considered in this chapter had a great deal of data. In particular, more
information about the broad state f2(2340) could shed light on its nature. Moreover, decays of the J/ψ
into tensors as well as radiative (such as photon-photon) decays of tensor states could be of great use to
determine aspects of tensor mesons, and the tensor glueball in particular.
In this analysis, the mixing of the tensor glueball with other conventional meson states was not taken into
account. Recently, a small mixing of the pseudoscalar glueball and the η was studied on the lattice in [185].
While mixing with the ground state tensor mesons is expected to be small because the tensor glueball is
much more massive, the mixing with excited tensor states, which have much more similar masses, could be
relevant. Implementing this into the eLSM is in principle possible and can be undertaken once better data,
both from experiments and from lattice QCD, is available. Mixing of glueballs with conventional mesons is
a crucial part of why they are so difficult to detect, so this could be a significant step towards identifying the
tensor glueball. In the next chapter we will discuss a similar mixing of the vector glueball with charmonium
states. Because the identification of the vector glueball is not as advanced as for the scalar or tensor glueball,
an indirect measurement via the effect of its mixing could be interesting.



Chapter 6

The vector glueball, mixing, and the ρπ

puzzle

6.1 Introduction

The vector glueball’s mass is predicted to be in the range of 3.8 to 4 GeV based on lattice computations
[73, 74]. In contrast to the lightest glueball states, potential candidate states are lacking for the vector
glueball. However, it shares quantum numbers with the bound charmonium state J/ψ and its excited state,
the ψ(3686), which have quantum numbers in the spectroscopic notation n2S+1LJ as 13S1 for the J/ψ and
23S1 for the ψ(3686). These are believed to decay primarily through a 3-gluon channel, already making
their decays an interesting avenue in identifying glueballs experimentally. Furthermore, the vector glueball
in particular can play a role here, since it can (and in general will) mix with these states with the same
quantum numbers.

The J/ψ and ψ(3686) are nonrelativistic bound charm-anticharm states. Their primary decay is through
3 gluons, which in the nonrelativistic limit is proportional to the wave function at the origin. That is, the
decay width to some final state h consisting of light hadrons is [186, 187]

Γh = |ψ(r = 0)|2|M|2. (6.1.1)

Where ψ(r) is the position wavefunction of the system, and M is the matrix element associated with the
decay channel. This equation, albeit with different ψ(r) and M, holds for both the J/ψ and the ψ(3686).
One can then look at the ratio of their decay widths into a specific state. If one chooses to ignore phase
space factors –essentially ignoring the mass difference between the J/ψ and the ψ(3686) – only the unknown
ratio of wave functions remains. Computing these wave functions is no trivial task, but without knowledge
of the wave functions we can already see that the ratio of decay widths is almost independent of the final
state h into which it decays. The same argument holds for the decay into e+e−, for which this ratio is
experimentally well-known. Using PDG data on the e+e− channel we can compute this ratio:

Γ(ψ(3686) → h)

Γ(J/ψ → h)
≈ Γ(ψ(3686) → e+e−)

Γ(J/ψ → e+e−)
= 42.2%. (6.1.2)

79
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Decay channel h Measured Qh value
K0K̄0∗ + c.c 2.59± 0.54%
K+K−∗ + c.c 0.48± 0.10%

ηω < 6.3%
ωη′ 16.93+13.33

−11.23%
ϕη 4.19± 0.54%
ϕη′ 3.35± 0.57%
ρπ 0.19± 0.073%
ηρ 11.4± 3.39%
ρη′ 23.46+21.12

−14.99%
ωπ0 4.67± 1.43%

Table 6.1: Qh values for various V P decay channels from PDG [2]. Taking into account the errors, every
channel is consistent with being suppressed compared to the 13% rule.

Usually, branching ratios are more accessible experimentally, formulating this in terms of branching ratios
leads us to the 13% rule (historically often called the 12% rule, based on the past value):

Qh =
B(ψ(3686) → h)

B(J/ψ → h)
≈ B(ψ(3686) → e+e−)

B(J/ψ → e+e−)
= 13.3%. (6.1.3)

The 13% rule can also be derived to include an extra phase space factor. We will include this later on,
but for a qualitative description we do not need it yet. All measured baryon-antibaryon decay channels are
compatible with this rule. Some meson decay channels follow this rule, but some channels severely violate
it. The ρπ channel is the most prominent channel in which this happens. Hence, the name given to this
unexplained behavior is "the ρπ puzzle". In Table 6.1 the experimental values for a number of V P channels
are shown. Taking into account the uncertainties, all channels are consistent with Qh being suppressed
relative to the 13% rule.

Experimentally, the first indication of the ρπ puzzle was observed in 1983 by the Mark II collaboration [188],
where the decay of the J/ψ into ρπ was substantial, but the decay width for the channel ψ(3686) → ρπ was
so small it was only observed decades later by CLEO and BES [189, 190]. Early on it was noticed that the
charmonium decays into ρπ break hadron helicity conservation [191] which follows from perturbative QCD
predictions. Understanding why this rule is broken may have important consequences for the applicability
of perturbative QCD to the decay of charmonium states or even other states at a similar mass.
There are many proposed explanations for the ρπ puzzle [192, 193]. A non-exhaustive list of explanations
not involving the vector glueball include

• Intrinsic charm components in the light mesons such as the ρ, which allow for new diagrams for the
decay of the J/ψ, which are suppressed for the ψ(3686) because the excited state is orthogonal to the
charm-anticharm component of the ρ [194].

• Suppression of the charm-anticharm wave function at the origin for a component of the ψ(3686) in
which the cc̄ is in a color-octet 3S1 state [195].

• Interference between 3-gluon and electromagnetic decays for the J/ψ decays, while the ψ(3686) decays
not through a 3-gluon, but through a specific configuration of 5 gluons [196].

• A large nonvalence gluon or quark-antiquark component present in the wavefunction of the ψ(3686),
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which are not significant in the J/ψ since it is the lowest lying state. The valence and nonvalence
components then interfere destructively in the ρπ channel [197].

• Destructive interference between S-wave and D-wave components of the ψ(3686), which come from
mixing with the D-wave charmonium state ψ′′ [198].

• Final state interactions, which can be of similar order as tree level amplitudes. In particular, J/ψ → ρπ

would be enhanced by the a2ρ loop diagram, while for the ψ(3686) this can be canceled by the a1ρ
loop diagram [199].

• Cancellation between the amplitudes for the processes e+e− → ψ(3686) → ρπ and the direct decay
channel e+e− → ρπ [192].

Any such explanation tends to either postulate an enhancement for the decay J/ψ → ρπ, or a suppression
for the decay ψ(3686) → ρπ. The class of explanations we will treat here is that the ρπ puzzle is caused
by mixing with a vector glueball. In the past a mixing between the vector glueball with the J/ψ [200, 201],
as well as the ψ(3686) [202] have been considered. Given recent lattice predictions for the vector glueball
mass in the range of about 3.8 to 4 GeV [73, 74], the ψ(3686) is closer in mass to the vector glueball, and
so we will initially assume a mixing between the excited charmonium state and the vector glueball, but the
calculation can be easily adapted to have mixing between the J/ψ and the vector glueball instead. Aside
from the influence of the vector glueball, we will assume the 13% rule holds. This means that mixing of the
ψ(3686) with the vector glueball will fall into the category of suppression of the decay ψ(3686) → ρπ, and
mixing of the J/ψ with the vector glueball will be enhancement of the decay J/ψ → ρπ. We will use the
framework of the eLSM which we have introduced in Chapter 3 and applied in Chapters 4 and 5, as apply
a vector meson dominance (VMD) model, as before.

6.2 Model setup

The central premise of this chapter is the mixing of the excited charmonium state with a three-gluon JPC =

1−− vector glueball state. Calling the physical states ψ(3686) as in the PDG listing, and O′, the pure
charm-anticharm state ψcc̄(2S), and the pure glueball state O, the mixing is as follows:(

ψ(3686)

O′

)
=

(
cos(θ) sin(θ)

− sin(θ) cos(θ)

)(
ψcc̄(2S)

ggg ≡ O

)
. (6.2.1)

The mixing angle θ is assumed to be small, so ψ(3686) is predominantly charm-anticharm and O′ is primarily
gluonic. In order to include phase space corrections to the 13% rule consistent with the eLSM, we consider
the following interaction for the decay of the J/ψ (or ψ(2S)) into an electron-positron pair by the diagram
shown in Fig 6.1, which has 2 interaction vertices, found in the Lagrangian terms given by

L = eAµψ̄γ
µψ − 1

2
gV1γV1,µνF

µν . (6.2.2)

Here V1µν is the field strength tensor for the initial vector state V1, which which can be the glueball O, the
J/ψ or the ψ(2S), e is the electromagnetic charge, gV1γ is a dimensionless coupling that describes the V1γ
transition, and ψ, ψ̄ is the (anti)spinor of the electron (positron). We assume that the glueball does not
directly couple to photons, so that gOγ = 0. The resulting matrix element of the decay width depends on
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Figure 6.1: Feynman diagram for the decay of the J/ψ into an electron-positron pair.

the phase space as

ΓV1e+e− ∝
(
e2gV1γ

)2 |⃗k|
M2
V1

(M2
V1

+ 2m2
e), (6.2.3)

where we have suppressed some numerical prefactors, as they will be divided out later. By using the
experimental result, we can now find the couplings J/ψ − γ and ψ(2S) − γ transitions, and therefore the
ratio r between J/ψ and ψ(2S) couplings, which is more or less the ratio between the wavefunctions at the
origin in (6.1.1). Defining r as the ratio between the couplings so that

gψ(2S) = r gJ/ψ (6.2.4)

−→ gψ(3686) = cos(θ) gψ(2S) + sin(θ)gO = r cos(θ) gJ/ψ + sin(θ)gO, (6.2.5)

where the cos(θ) originates from the mixing with the vector glueball. Since the glueball does not directly
couple to the photon, i.e. gOγ = 0, this gives the following result from the decays into electron-positron:

B(ψ(2S) → e+e−)

B(J/ψ → e+e−)
≈ 13% =⇒ r2 cos(θ)

2 ≈ 0.35. (6.2.6)

We assume this same ratio r holds for every other coupling too, since it is based on the wavefunctions at the
origin.

Now that we have the 13% rule translated to a relation between the coupling constants, we can intro-
duce the interaction Lagrangian terms. We assume that, like the vector glueball, the J/ψ and ψc̄c(2S) are
flavor blind with respect to the 3 light flavors, hence the form of the interaction terms is the same for all
3 states. The Lagrangian for decays into PV is constructed using chiral symmetry, charge conjugation and
parity, but dilatation invariance is broken. The strong decay into PV is described by the Lagrangian [98]

LPV =
1

2
gV1

Ṽ1,µνTr[LµΦRνΦ†] ⊃ gV1
Ṽ1,µνTr[∂µPΦ0V

νΦ0], (6.2.7)

where Ṽ1,µν is the dual field strength tensor for the initial vector state V1. We remind ourselves that, as with
the tensor glueball, each of the V1 is proportional to the identity matrix for what concerns flavor indices,
and so can be taken out of traces.
To include the electromagnetic interactions, we will use a vector meson dominance model [135] as we did in
Chapter 4. Equation (6.2.2) included the transition from the J/ψ or ψ(2S) to the photon, which is associated
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with a factor
−gV1γ , (6.2.8)

since in momentum space we have V1,µνFµν → 2q2V1,µA
µ. The 1/q2 cancels with the photon propagator,

and the factor 2 cancels with the 1
2 in (6.2.2). For the light vector mesons, we apply the same shift as before

Vµν → Vµν +
e

gρ
FµνQ, (6.2.9)

which when applied to the kinetic terms gives a vector meson-photon transition like the one of (6.2.2):

−1

4
VµνV

µν → −1

4
VµνV

µν − e

2gρ
VµνF

µν + · · · (6.2.10)

At the level of the fields1 this shift can be realized by

Vµ → Vµ +
e

gρ
AµQ. (6.2.11)

Next, we introduce a flavor invariant Lagrangian for a PV V interaction

LPV V = gPV V Tr[PVµν Ṽ µν ]. (6.2.12)

This Lagrangian initially contains only kinematically impossible decays, but by performing the shift (6.2.9)
it generates interactions with the photon relevant to this chapter:

LPV V → LPV V +

(
e

gρ

)2

gPV V Fµν F̃
µνTr[PQQ] +

e

gρ
gPV V F̃µνTr[P{Q,V µν}]. (6.2.13)

Now, we can write down the interactions for the decays of the initial vector states, including electromagnetic
decays. The Feynman diagrams for the J/ψ are shown in Fig. 6.2. The same diagrams apply for the ψ(2S),
and the vector glueball only decays through channel (i). Each channel separately gives the same phase space
factor at the end, but their contributions are all with different coefficients which can either constructively or
destructively interfere. The total decay width is thus given by

Γ = |
∑
i

κi|2
|⃗k|3

12π
, (6.2.14)

but each with a different κi, which contain multiple couplings and constants and moreover depends on which
V P particles are the decay product. We will go over the construction of each diagram and how the κi follows.

(i) is the strong decay channel described in (6.2.7). It is the only channel through which the vector glueball
contributes. The coefficient κi follows from the factor

gV1
Tr[∂µPΦ0V

νΦ0]. (6.2.15)

(ii) follows from the initial vector V1 converting into a virtual photon by the transition given in (6.2.2),
1This is not necessary but is done for clarity. The interaction in (6.2.7) can be rewritten with Vµν so that the previous form

can be directly applied. Using the field strength tensors makes gauge invariance more explicit, but in our case the end result is
the same.
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Figure 6.2: Four Feynman diagrams for the decay channels of the J/ψ. Decay channel (i) is a strong decay,
while (ii-iv) are through electromagnetic channels.

followed by the virtual photon decaying into a PV pair given by the last term in (6.2.13). Therefore
κi is given by the following combination

−gV1γgPV V
e

gρ
Tr[P{Q,V }] (6.2.16)

(iii) comes from shifting V according to (6.2.11) in the V1PV vertex of (6.2.7), followed by the virtual photon
transitioning to a vector meson as in (6.2.10). The resulting κi is thus given by the combination

−gV1
(
e

gρ
)2Tr[∂PΦ0QΦ0]Tr[V Q]. (6.2.17)

Note that, similar to in Chapter 4, this is a term with two separate traces, which are expected to be
suppressed. We can see firsthand that it has a higher power of (small) coupling constants, so this seems
to indeed be the case.

(iv) is generated from the initial V1 transitioning into a virtual photon by (6.2.2), which proceeds to emit a
pseudoscalar by the second term in (6.2.13). The virtual photon then transitions into a vector meson
by (6.2.10). Here the factor κi is thus given by

gV1γ gPV V (
e

gρ
)3 Tr[PQQ]Tr[V Q]. (6.2.18)
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This term also has a double trace structure and a higher power of small coupling constants, in particular
the combination ( egρ )

3, so it is more highly suppressed.

Finally, inspired by [203], we include a form factor for each of the virtual photon propagators

F (q2) =
1

1− q2/Λ2
, (6.2.19)

where q is the 4-momentum of the virtual photon and Λ is an energy scale we will fit.

6.3 Results

Now that we have the relevant decay terms and the coefficients κi, we can make a fit to the data on Qh

for V P decay channels of the J/ψ and the ψ(3686). While it seems we may have many free parameters,
only three independent parameters need to be fitted on the decay of charmonium states. These three will
be the strong J/ψ coupling gJ/ψ, the glueball coupling gO, and the scale Λ that appears in the form factors
(6.2.19). The couplings e and gρ ≃ 5 are well known and can be taken from literature. The coupling gPV V
is fitted to decay of the neutral pion into two photons, which is also discussed in-depth in [204].
The coupling of the ψ(3686) (6.2.5) is a combination of the ψ(2S) and glueball couplings, together with the
mixing angle. However, using the 13% rule (6.2.6), this simplifies in the following expression

gψ(3686) =
√
0.35gJ/ψ + sin(θ)gO. (6.3.1)

The coupling gψ(2S) has dropped out, and the glueball coupling and mixing angle only appear in the com-
bination sin(θ)gO. Redefining sin(θ)gO → gO leaves us with only gO and gJ/ψ as free couplings. The same
argument holds for the coupling to the photon, however it is assumed that the glueball does not couple to the
photon, and gJ/ψγ can be fitted directly from the electron-positron decay of the J/ψ. Various constants that
appear in the κi are taken from Table 3.3. We will not use any other procedure to fit Λ beforehand, so that
leaves with the aforementioned 3 free parameters. These parameters and their numerical values resulting
from the fit are shown in Table 6.2.

Parameters Numerical Values
Strong coupling gJ/ψ −5.4 · 10−3(MeV)−2

effective glueball coupling gO sin(θ) 5.6 · 10−3(MeV)−2

Form factor mass scale Λ 1.6 · 103MeV

Table 6.2: Fit parameters and their numerical values when fitted to experimental data on Qh in the V P
channels.

We will restrict to describing the ratio Qh for the V P channel, where the 13% rule is broken most seri-
ously. The results for Qh, with and without the mixing with a vector glueball, along with experimental data
with error bars, are shown in Fig. 6.3. As can be seen, mixing with the vector glueball noticeable improves
the agreement with experimental data. When mixing is included, the theory agrees with experiment on all
channels except for the ωη′, ρη and the ρη′, each of which has a large experimental uncertainty. In particular
the ρπ and charged KK∗ channels do not agree with experiment unless the vector glueball is added. Con-
cretely, we find a reduced χ2 ∼ 5 when there is no mixing with the vector glueball, and a reduced χ2 ∼ 2
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when we include mixing with the vector glueball. However, since the data and theory with mixing agree on
the data points with smaller error, importantly the ρπ and the charged KK∗, most of the reduced χ2 ∼ 2

comes from decays with large experimental uncertainties. This is contrary to the unmixed scenario, where
there is no agreement within 1 standard deviation between theory and experiment. The glueball coupling
gO sin(θ) and the J/ψ coupling found by the fit are of similar order but interfere destructively, so that the
model strongly leans into the ψ(3686) suppression hypothesis. Given that the glueball coupling is paired
with sin(θ) for a small mixing angle θ, coupling of the vector glueball to light V P channels is stronger than
that of the J/ψ, which is to be expected. At the current stage, mixing of the ψ(3686) gives slightly better
agreement with the data, but it is likely not strong enough to conclude definitively that the glueball mixes
with the ψ(3686). Future work to expand the analysis can include higher order strong interaction diagrams,
different interaction strengths for mesons with a strange quark, more decay channels and treating the J/ψ
and ψ(3686) decays separately, which can help determine the mixing pattern and the mixing angle. If the
mixing angle is isolated and determined by the decays of charmonium states, or determined by some other
method, we can also give numerical predictions for the partial decay widths of the vector glueball, rather
than only having decay ratios as in Chapter 5.

ρ π ω η' ϕ η ϕ η' K±K*∓
K0K*0 ρ η ρ η' ω π0

0.05

0.10

0.15

0.20
Qh

ρ π K±K*∓

0.002

0.003

0.004

0.005

0.006

Data

Theory withmixing

Theory withoutmixing

Figure 6.3: Results of the fits – with and without mixing with the vector glueball – for Qh of the V P decays
of charmonium states, together with the experimental data with uncertainties

6.4 Conclusions

In this chapter we studied the decays of charmonium states, in particular in relation to the 13% rule and
its unexplained breaking, which is called the ρπ puzzle. This puzzle has been an open problem for over 40
years, and its solution could have implications in important aspects of charmonium physics. We attempted
to explain the ρπ puzzle via mixing of the ψ(3686) with the vector glueball. We have also introduced
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electromagnetic decay channels through a vector meson dominance model, since these decay channels are
also expected to be relevant.
With three free parameters – the glueball coupling, the strong J/ψ coupling, and an energy scale – we
manage to make a reasonable description of the experimental data on the Qh ratio for the available V P
channels. The fit shows that, aside from the electromagnetic interactions, including the vector glueball and
its mixing with the ψ(3686) significantly improves the matching with experimental data. At the level of
this model, including the vector glueball mixing is necessary to satisfy the data. Even with electromagnetic
interactions playing a big role, they are by itself not enough. At this point the fit slightly prefers mixing of the
glueball with the ψ(3686), but we cannot definitively conclude on way or the other. The analysis can still be
expanded further; adding more decay channels, such as those where the 13% rule is not broken, is an obvious
extension. One could also include higher order diagrams for the strong interaction, and a different coupling
for mesons containing a strange quark as in [205]. Achieving a full description of the J/ψ and ψ(3686)

decays separately, rather than the ratio Qh, would also be a large improvement. One particularly promising
outcome of incorporating more decay channels and treating the ground state and excited charmonium decays
separately is that it might be possible to find a constraint on the mixing angle. This, in turn, can give us
an estimate on vector glueball decays, which can be used in an attempt to discover the vector glueball, or
used to compare with experiment in a similar manner as done in Chapter 5.



Chapter 7

Conclusion

In this thesis we have studied the spectroscopy and the decays of mesons of various types in models based
on effective Lagrangians, in particular the eLSM.
In chapter 2, we looked at a relatively simple model: a real scalar field coupled to a classical, time indepen-
dent source. It turns out that there is more to this model than initially meets the eye, and the historical
treatment of this model missed those aspects. Historically, the theory was approached as a limit of theories
with a time-dependent source, which turns off after some time, where the time when the interaction is turned
off is taken to infinity. The standard formalism of the S-matrix was then applied, which said it had to be
zero, and no scattering takes place. The main issue, as we have found by solving the model exactly, is
that the theory has a nonzero commutator between the Hamiltonian and momentum operator, so that the
asymptotically free in- and out-states necessary for the S-matrix formalism do not exist. Whether or not the
initial state is a particle number eigenstate or an energy state, which are distinct in the time independent
case, can no longer be distinguished in the time dependent case. Which of the two one ends up with then
depends on how the limit is taken. In short, the theory has no S-matrix. Hence, approaching the theory by
other theories that do have an S-matrix fails. By solving the theory exactly we have computed the decay of
the (particle) vacuum and its particle production over time, along with its large volume limits. The resulting
behavior is analogous to the Schwinger mechanism, and includes non-exponential decay, saturation at large
times, and an explicit realization of the quantum Zeno effect. This theory could potentially be a model for
a nonperturbative creation mechanisms of the a scalar particle in the presence of a medium. For example
the dilaton, which is seen as the scalar glueball, with a large amount within the f0(1710) according to the
eLSM, which then decays into detectable particles like pions, kaons, etc.

Afterwards, we turned to the extended Linear Sigma Model (eLSM) as the primary theoretical tool to
study the interactions of mesons. In Chapter 3 we have introduced the formalism of the eLSM, and in the
subsequent chapters we applied this.
In Chapter 4 we extended the eLSM to include the tensor and axial tensor spin 2 mesons. The axial tensor
mesons are poorly known at this point, while the tensor mesons are very well established. The match between
theory and experiment on the tensor mesons confirms their status as quark-antiquark objects. Using chiral
symmetry we use the tensor meson data to make predictions about the interactions of axial tensor mesons,
as well as make some predictions for yet unknown decay channels of the tensor mesons. We predict the axial
tensor meson masses, which lie around 300 to 400 MeV above the tensor meson masses, and their decays.
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The decay widths of the axial tensor mesons turn out to be very large in some channels. This explains why
they have not been successfully detected thus far, but also gives a specific direction in which to look for these
states.
In Chapter 5 we have included the tensor glueball in the eLSM, and studied its decays. Numerical predictions
for the decay widths cannot be made, but we can make estimates of the decay ratios. The dominant decay
channel is the decay into two vector mesons, in particular two ρ mesons. By comparing the structure of the
decay ratios to those of the plentiful candidate glueball resonances, we conclude that the f2(1950) is the best
candidate to be the tensor glueball, despite its large decay width.
In Chapter 6 we applied the eLSM to the decay of charmonium states. There is a long-standing open problem
with these states called the ρπ puzzle, which has to do with large breaking of the 13% rule established by
perturbative QCD. By incorporating electromagnetic decay channels and mixing with the vector glueball,
we drastically improve agreement with experimental values on the ratio of branching ratios, which break the
13% rule. While it does not explain the puzzle entirely, it is clear that including electromagnetic decays is an
important part of explaining the ρπ puzzle. It also shows that mixing with the vector glueball is potentially
a part of the explanation. More experimental data, which might falsify some of the explanations, and theo-
retical studies, that expand the model and data analysis, are necessary to achieve the full picture of this issue.

The results of this thesis could be interesting for ongoing experiments, such as CLAS, GlueX, and BE-
SIII, and for future ones, such as those taking place at the FAIR facility [206]. The model of Chapter 2 can
be used to model interactions of scalar mesons in the presence of a medium in heavy-ion collisions, and the
structure of the theory, where we do not have an S-matrix, can teach us about the structure of quantum field
theories. The results of Chapter 4 can aid in the discovery of the ground state axial tensor mesons. More
experimental data on the isoscalar tensor meson resonances around 2 GeV can lead to a better understanding
of the tensor glueball using the analysis of Chapter 5. In particular further studies on the f2(1950) could
tell us more about its status as the potential tensor glueball. The result of Chapter 6 can have implications
on the decay of charmonium states and the ρπ puzzle, but also on the decays of the vector glueball, which
so far has been elusive.
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Appendix A

The large Nc limit

In a sense the coupling constant of QCD is not really a free parameter, because it is given by the renor-
malization group flow and the scale of QCD ΛQCD. At high energy scales it does become small so that an
expansion in the coupling constant is useful, but it seems then that QCD has no free parameter to be used
in an expansion at all energy levels. It turns out that there is a free expansion parameter not immediately
obvious, which is the number of colors Nc of the gauge group SU(Nc). This generalizes the QCD gauge group
SU(3) with 3 colors to SU(Nc). This Nc is then taken to infinity and an expansion in powers of 1/Nc follows
[131, 132, 133]. In order to retain interesting aspects of the theory, such as keeping the 1-loop contribution
to the gluon vacuum polarization finite, a factor of

√
Nc needs to be included in the coupling constant. This

is done by taking the limit in the particular way

Nc → ∞, λ = g2Nc fixed. (A.1)

Here λ is called the ’t Hooft coupling, λ being fixed implies that g → 0 in the large Nc limit, but the
interactions do not vanish since λ controls the strength of the interaction of the large Nc theory. Due to the
combinatorial factors of Nc, the leading order Feynman diagrams are planar diagrams, in which propagators
do not cross each other, unless there is an interaction vertex. There are many interesting aspects of large Nc
theories, but we will restrict us to the properties of hadrons and as an estimation of which terms are most
relevant. The large Nc scaling of relevant hadronic properties goes as follows

• The masses of quark-antiquark states and the masses of glueballs are independent of Nc in the limit
of Nc → ∞

M|qq̄⟩ ∼ N0
c M|gg⟩ ∼ N0

c (A.2)

• The interaction amplitude between n quark-antiquark states scales as

A|qq̄⟩...|qq̄⟩ ∼ N
−(n−2)

2
c , (A.3)

for n ≥ 2. In particular, decays are the case n = 3, meaning that conventional mesons have a decay
width scaling as

Γ|q̄q⟩ ∼ N−1c , (A.4)
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so that conventional mesons are very stable in the large Nc limit. Furthermore, mass terms are the
case n = 2, so the quark-antiquark masses are constant in the large Nc limit.

• The interaction amplitude between n glueball states each consisting of 2 gluons scales as

A|gg⟩...|gg⟩ ∼ N−(n−2)c , (A.5)

which is more strongly suppressed than the interaction amplitude between quarkonia. In particular,
two glueball fields n = 2 gives a mass term, so glueball masses, like quark-antiquark masses do not
depend on Nc.

• The interaction amplitude between n glueballs and m quark-antiquark states scales as

A(|gg⟩...|gg⟩)(|qq̄...qq̄⟩) ∼ N−(n+m/2−1)c . (A.6)

Therefore the mixing (n = 1,m = 1) of glueballs with quark-antiquark states goes as N−1/2c , and the
decay amplitude of glueballs (n = 1,m ≥ 2) is suppressed by at least a factor of N−1c , making them
more stable than quark-antiquark states in the large Nc limit.

• Baryons, which are made up of Nc quarks, have a mass that scales as

MB ∼ Nc. (A.7)

For more details on the large Nc limit in the context of hadron physics, see the lecures of [133].
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Coherent states

Coherent states are defined as eigenstates of the annihilation operators. For a single annihilation operator a
the coherent state |c⟩ then obeys

a|c⟩ = c|c⟩. (B.1)

The annihilation operator fulfills the following commutation relationship and action on the n particle states:

[a, a†] = 1, ⇒ a|n⟩ = n|n− 1⟩. (B.2)

Using this, we can construct a coherent state with the following formal series

|0⟩+
∞∑
n=1

cn√
n!
|n⟩ =

[ ∞∑
n=0

(
c a†
)n

n!

]
|0⟩ = ec a

†
|0⟩, ⇒ a

(
ec a

†
|0⟩
)
= c

(
ec a

†
|0⟩
)
. (B.3)

This is an eigenvector a with with eigenvalue c, which is an arbitrary complex number. In order to be an
eigenstate it must be normalized to 1. This can be done straightforwardly using (B.3)

∣∣∣ec a† |0⟩∣∣∣2 =
(
⟨0|ec

∗ a
)(

ec a
†
|0⟩
)
= ⟨0|

[ ∞∑
n=0

(
c∗ a

)n
n!

](
ec a

†
|0⟩
)
= ⟨0|0⟩

∞∑
n=0

∣∣ c ∣∣2n
n!

= e| c |
2

. (B.4)

Therefore the physical coherent state is given by

|c⟩ = e−
1
2 |c|

2

ec a
†
|0⟩. (B.5)

The generalization to the situation with an uncharged scalar field is rather straightforward. We just have
to take into account that there are multiple creation and annihilation operators, one for each 3-momentum
p, which each have a different eigenvalue, and that the commutation relation is normalized to a distribution
rather than the identity. That is, the setup is

ap|ψ⟩ = −h(p)|ψ⟩, [ap, a
†
q] = (2π3)δ(p− q). (B.6)
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Furthermore, the action of the annihilation operator is accompanied with a momentum integral instead of a
straight multiplication of the creation operators times the eigenvalue∫

d3p

(2π)3

(
− h(p)

)
a†p. (B.7)

The same idea of (B.3) can then be used to find an eigenstate for each ap with the eigenvalue −h(p):

|0⟩+

[ ∞∑
n=1

1

n!

∫
d2p1d

3p2 · · · d3pn
(2π)3n

(
− h(p1)a

†
p1

)(
− h(p2)a

†
p2

)
· · ·
(
− h(pn)a

†
pn

)]
|0⟩ =

=

[ ∞∑
n=0

1

n!

(
−
∫

d3p

(2π)3
h(p) a†p

)n]
|0⟩ = exp

{
−
∫

d3p

(2π)3
h(p) a†p

}
|0⟩

⇒ ap exp

{
−
∫

d3p

(2π)3
h(p) a†p

}
|0⟩ = −h(p) exp

{
−
∫

d3p

(2π)3
h(p) a†p

}
|0⟩.

(B.8)

The normalization of the state follows in a very similar way as in the discrete case, again by using the
commutation relation of a. The result for the coherent state, which aligns with the relation between the
different vacua in 2 reads:

|ψ⟩ s.t. ap|ψ⟩ = −h(p)|ψ⟩,

⇒ |ψ⟩ = exp

{
−1

2

∫
d3p

(2π)3
|h(p)|2

}
exp

{
−
∫

d3p

(2π)3
h(p) a†p

}
|0⟩.

(B.9)
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